This is a reproduction of a library book that was digitized 
by Google as part of an ongoing effort to preserve the 
information in books and make it universally accessible. 


Google" books 

http://books.google.com 

































2 IA 


Digitized by v^ooQle 



Digitized by ^.ooQle 


ELECTRICITY AND MAGNETISM 
FOR ENGINEERS 


PART II 

ELECTROSTATICS 
AND ALTERNATING CURRENTS 


Digitized by CjOOQle 



ELECTRICITY AND MAGNETISM 
FOR ENGINEERS 

BY 

HAROLD PENDER 


Part I— Electric and Magnetic Circuits. 

380 pages, 6X9, Illustrated. 

Part II — Electrostatics and Alternating Currents. 
221 pages, 6X9, Illustrated. 


Digitized by v^ooQle 





ELECTRICITY AND MAGNETISM 


FOR 

ENGINEERS 


PART II 

ELECTROSTATICS 
AND ALTERNATING CURRENTS 


BY 

HAROLD PENDER, Ph. D. 

FROFESSOR-IN-CHARGE, ELECTRICAL ENGINEERING DEPARTMENT, UNIVERSITY OF PENNSYL- 
VANIA; MEMBER, AMERICAN PHILOSOPHICAL SOCIETY; VICE-PRESIDENT AND 
FELLOW, AMERICAN INSTITUTE OF ELECTRICAL ENGINEERS 


First Edition 
Third Impression 


McGRAW-HILL BOOK COMPANY, Inc. 
NEW YORK: 370 SEVENTH AVENUE 

LONDON: 6 & 8 BOUVERIE ST., E. C. ♦ 

1919 


Digitized by ^.ooQle 



Copyright, 1919, by the 
McGraw-Hill Book Company, Inc. 


PRINTED IN THE UNITED STATES OP AMERICA 


THE MAPLE PRESS COMPANY, YORK, PA. 


Digitized by ^.ooQle 



PREFACE 


In the following pages is given, from an engineering point of 
view, (1) a description of the more important effects commonly 
described as electric and magnetic phenomena, (2) a statement 
of the fundamental laws in accord with which these phenomena 
have been found to occur, and (3) the application of these laws 
to some of the simpler problems which arise in connection with 
the generation, transmission and utilization of electric energy. 

Particular emphasis is laid upon exact quantitative statements 
of the fundamental laws or principles. Both safety and economy 
demand that the engineer be able to answer not only “how,” 
but also “how much.” To this end, the student of engineering 
should be taught to analyze, not only qualitatively, but also 
quantitatively , each problem which may be presented to him. 

Most of the simpler formulas used by scientists and engineers 
are special cases of certain general relations, and these special 
formulas are applicable only under certain specific conditions. 
One of the most common causes of confusion on the part of the 
beginner arises from his attempt to apply such special formulas 
to cases to which they are not applicable. This is due in part to 
the failure in many text-books to state the limitations of such 
formulas. Particular care is therefore taken in these pages to 
state specifically the exact conditions under which each formula 
is applicable. 

The procedure adopted throughout the book is to pass from 
simple phenomena, known to practically every school-boy, to 
the more complex phenomena and principles with which the 
engineer has to deal. 

For convenience the book has been divided into two parts. 
Part I deals with the electric and the magnetic circuits, and Part 
II with electrostatics and alternating currents. Each part of 
the book can readily be covered in four hours of classroom work 
per week for a term. Part I may be looked upon as an intro- 
duction to the study of direct-current machinery, and Part II 
as an introduction to the study of alternating-current machinery. 

v 


Digitized by ^.ooQle 



vi 


PREFACE 


At the end of each important section are given one or more 
problems, illustrating the principles developed in the text. 
The answers to these problems are also given. The student 
should be required to solve each problem, and when time is avail- 
able additional problems, without answers, should be assigned. 
It is only by the solution of numerical problems that the student 
can understand the full significance of the relations developed 
in the text. 

The two volumes of this book cover substantially the same 
ground as that of the author’s “Principles of Electrical Engi- 
neering,” McGraw-Hill Book Company, 1911. The method of 
treatment, however, is distinctly different, the various laws and 
relations are more fully discussed, and a greater number of 
practical applications is given. Harold Pender. 

Philadelphia, Pa., 

April , 1919 . 
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ELECTRICITY AND MAGNETISM 
FOR ENGINEERS 


PART II 

ELECTROSTATICS AND ALTERNATING CURRENTS 

XII 

ELECTRIC FIELDS IN DIELECTRICS 

136. Electric Fields of Force. — Any region in which a particle 
of electricity is acted upon by a force in the direction of its motion, 
or in which such a particle would be acted upon by a force tend- 
ing to displace it, if held at rest therein, is said to be a field of 
electric force. The force which tends to displace a particle of 
electricity from its normal, or equilibrium position, is called the 
electric force acting on this particle. 

An electric field exists (1) within every substance through 
which there is a flow (or conduction) of electricity, (2) within 
every dielectric (or insulator) in the vicinity of an electric charge , 
whether this charge be at rest or in motion, and (3) within every 
dielectric in which there is a varying magnetic field. 

The electric force exerted on a positively charged particle per 
unit quantity of electricity in this particle is called the “intensity” 
of the electric field, or briefly, the “electric intensity,” at this 
point, and will be represented throughout this book by the 
symbol F. 

Lines drawn in an electric field in such a manner that they coin- 
cide in direction at each point with the direction of the electric 
intensity at that point, i.e., with the direction of the force which 
would be exerted by the field on a positively charged particle at 
this point, are called “lines of electric force.” Compare with 
lines of magnetic force. 

Since force has the same dimensions as work per unit distance, 
and since potential difference has the dimensions of work per 
unit quantity of electricity, the intensity of an electric field 
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has the same dimensions as potential difference per unit length, 
or “ potential gradient” (see Article 64). The practical unit of 
electric intensity is therefore the volt per centimeter, or per 
inch. The c.g.s. electromagnetic unit is the abvolt per centi- 
meter, and the c.g.s. electrostatic unit is the statvolt per centi- 
meter. Note that 

1 statvolt per cm. = 300 volts per cm. 

= 3 X 10 10 abvolts per cm. 

Electric intensity, which has the dimensions of force per unit 
charge, should be carefully distinguished from electromotive 
force, which latter has the dimensions of work per unit charge. 
The relation between the resultant electromotive force e acting 
around a closed path, or circuit, and the electric intensity F at the 
various points of this path, is exactly the same as that between 



mechanical work and mechanical force, viz., the electromotive 
force acting around the path is equal to the line integral of the 
electric intensity around this path, or 

e = (F cos B)dl (1) 

where dl is an elementary length of this path (see Fig. 99), F is 
the electric intensity at di, and 0 is the angle between the direc- 
tion of dl and the direction of the electric intensity F, and the 
integral is taken around the closed path in question. 

137. Electric Flux and Dielectric Permeability. — As shown in 
Article 90, the fundamental relation between the magnetizing 
force H at each point of a closed loop and the electric currents 
which thread this loop, is that the line integral of the magnetizing 
force around the loop is equal to 4x times the algebraic sum of the 
electric currents which thread it, viz., 

4x2 i = f o (H cos e')dV (2) 
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In this expression dl' is an elementary length in the loop, 
H is the magnetizing force at dV , O' is the angle between the 
direction of H and the direction of dl', and Si is the algebraic 
sum of the currents which thread the loop in the right-handed 
screw direction, with respect to the direction in which dl' is meas- 
ured, and all quantities are in c.g.s. electromagnetic units. 

Note that 47rSi is the magnetomotive force acting around this 
loop, and therefore equation (2) for the relation between magneto- 
motive force and magnetizing force if is of exactly the same form 
as equation (1) for the relation between the electromotive force 
e acting around a loop and the electric intensity F at each point 
of this loop. 

Experiment shows that when a given loop is threaded by a 
varying electric field, this varying electric field, even though it 



produces no flow of electricity through the area enclosed by the 
loop, always produces a magnetomotive force which acts around 
this loop and which is proportional to the time-rate of variation 
of the electric field . For example, the loop in question may be in 
a perfect dielectric, in which case there will be no flow of elec- 
tricity through the area bounded by the loop. However, if the 
electric field in this dielectric is varying with time , there will be 
a definite magnetomotive force acting around this loop, i.e., 
the varying electric field will produce a definite magnetizing 
force H at each point of the loop. 

Experiment shows that the relation between the time-rate of 
change of an electric field and the magnetomotive force which 
it produces may be expressed as follows. Consider first a unit 
area lying in a plane perpendicular to the electric intensity, i.e., 
perpendicular to the lines of electric force through it (see Fig. 100). 
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Let 47 T(t' be the magnetomotive force acting around this unit 
area, due to the variation of the electric field which threads this 
area . The positive sense of this magnetomotive force is taken 
in the direction which bears a right-handed screw relation to the 
lines of electric force. Then 

W=^(W) (3) 

where F is the electric intensity at this area and k is a factor 
whose value depends (1) upon the nature of the medium in which 
this area is located and (2) upon the system of units employed. 

The coefficient k in the above expression may be called the 
“dielectric permeability” of the medium in which the unit area 
under consideration is located. The quantity 

D = kF (4) 



is called the “electric flux density” at this area. The direction 
of the electric flux density is defined as the direction of the elec- 
tric intensity F. Note that the relation between electric inten- 
sity F y electric flux density D, and dielectric permeability k 
is of exactly the same form as that between magnetizing force H y 
magnetic flux density B, and magnetic permeability ju. 

The surface integral of the electric flux density over any 
surface in an electric field is called the total “electric flux” 
through that surface, and may be represented by the symbol 
viz., 

^ = j 3 (D cos a) dS (5) 
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where (see Fig. 101) dS is any elementary area in this surface and 
a is the angle between the direction of the normal to dS and the 
direction of the electric flux density D at this point. 

The electric flux is said to leave that side of the surface from 
which an outwardly drawn normal makes an angle of less than 
90 degrees with the direction of the electric intensity, and to 
enter the other side of the surface. An equivalent statement of 
this convention is that the electric flux is said to enter that 
side of the surface toward which a positive charge would be 
urged by the electric force, and to leave that side of the surface 
from which a positive charge would be urged by the electric 
force. 

In the particular case when the surface S is perpendicular 
at each point to the electric intensity F at this point, i.e., when the 
surface S is an electric equipotential surface (see Article 64), the 
relation between the electric flux density D and the electric 
flux is simply 

* = f 3 Dds (5a) 

Again, when the electric flux density has the same value at each 
point of the surface, this becomes 

\p = DS (56) 


That is, when the electric flux density has the same value at 
every point of an electric equipotential surface, the electric 
flux through this surface is equal to the product of the area S 
of the surface by the electric flux density D at any point in it. 

Equations (5) to (56) should be compared with the correspond- 
ing relations between magnetic flux and magnetic flux density 
(see Article 87). 

From the definitions just given it follows that the total 
magnetomotive force produced in the boundary of any surface 

S by a varying electric field which threads this surface is 


Hence a varying electric flux \p is equivalent, with respect to the 
magnetic field which it produces (see equations (2) and (3)), to a 
current of intensity 


1 d\p 
dt 


( 6 ) 


flowing through the surface under consideration in the same 
direction as the lines of electric force which intersect this surface. 
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This equivalent current i' 9 is called the “displacement” current 
due to the electric flux The quantity <r' in equation (3) is 
the density of this displacement current. 

The relation expressed by equation (6) should be compared 
with the relation 


dip 

6 ~ ~dt 

between the magnetic flux <p through a surface and the elec- 
tromotive force e induced in the boundary of this surface. 

From equation (6) it is evident that electric flux is proportional 
to the product of electric current by time, and therefore to quan- 
tity of electricity. Hence, the relation between the units of 
electric flux in the three systems of units is the same as that be- 
tween the units of quantity of electricity in these three systems 
of units, viz., 1 c.g.s. electromagnetic unit (abcoulomb) = 10 
practical units (coulomb), 1 practical unit (coulomb) = 3 X 
10 9 c.g.s. electrostatic units (statcoulomb). 

Problem 1. — Two parallel metallic plates, thoroughly insulated from each 
other and from all other conductors, are respectively connected by insulated 
wires to the positive and negative terminals of a battery whose electromotive 
force is 10,000 volts. A momentary current will flow in the connecting 
wires, but this flow will cease as soon as the plates become fully charged 
(see Article 28). The distance between the two plates is 0.5 inch, and the 
area of each plate is 1 square foot. Except near the edges of the plates the 
lines of electric force in the dielectric between the plates will be straight 
and perpendicular to the surfaces of the plates. In the following problem 
assume all these lines of force to be straight and perpendicular to the plates. 

(a) What is the electric intensity in the dielectric between the plates in 
volts per centimeter, abvolts per centimeter, and in statvolts per centimeter? 
(6) If the dielectric between the plates is air, what is the electric flux density 
at any point between the two plates? The dielectric permeability of air in 
c.g.s. electrostatic units is 1. (c) What is the dielectric permeability of air 

in c.g.s. electromagnetic units? (d) What is the total electric flux through 
the dielectric between the two plates? (e) If this flux increases from zero 
to its final value in 0.01 second, what is the average disDlacement current 
in the dielectric during this interval? (/) What is the magnetomotive 
force acting around the boundary of the dielectric, in a loop parallel to the 
plates, during this interval? ( g ) If the plates and the dielectric are circular 
discs (each 1 square foot in area), what is the magnetizing force at each 
point in the boundary of the dielectric due to this varying electric field? 
(A) What is the magnetizing force at a point in the dielectric at a distance 
of 5 centimeters from the axis of the disc formed by this dielectric ? 


Digitized by ^.ooQle 



ELECTRIC FIELDS IN DIELECTRICS 


7 


Answer. — (a) 7870 volts per centimeter = 78.70 X 10 10 abvolts per centi- 
meter — 26.2 statvolts per centimeter. ( b ) 26.2 c.g.s. electrostatic units 
per square centimeter = 8.74 X 10 -10 c.g.s. electromagnetic units per 
square centimeter, (c) % X 10“*° c.g.s. electromagnetic units, (d) 24,400 
c.g.s. electrostatic units = 0.813 X 10 -8 c.g.s. electromagnetic units, (e) 
6.47 X 10 -8 abamperes = 64.7 microamperes, (f) 81.3 X 10” 8 gilberts = 
64.7 X 10“ 8 ampere-turns. (0) Circumference of the disc formed by the 
dielectric is 108 centimeters. Hence, magnetizing force at each point in 
this circumference is 0.699 X 10" 8 ampere-turns per centimeter = 0.753 X 
10” 8 gilberts per centimeter. (A) The displacement current linked by a circle 
through the given point concentric with the axis of the disc is 5.46 micro- 
amperes, and the magnetizing force at each point of this circle is 0.174 X 
10” 8 ampere-turns per centimeter. 

138. Electric Flux and Electric Charge. — Experiment shows 
that one of the fundamental properties of the electric displace- 
ment current is that at any surface in an electric field, irrespec- 
tive of the nature of the substances or media on the two sides of this 
surface , the rate ii at which electricity actually flows up to one 
side of the surface (by conduction or convection) plus the dis- 
placement current i\ entering this side of the surface is always 
equal to the rate i 2 at which electricity actually flows away 
from the other side of this surface plus the displacement current 
i\ leaving this side, viz., 

i\ + i'i = ii + V 2 (8) 


On the other hand, as noted in Article 29, the difference 
between the rate i\ at which electricity flows up to a surface 
and the rate i 2 at which electricity flows away from this surface 
is always equal to the rate of change of the electric charge on 
this surface, viz., 


i\ — — 


dq 

dt 


(9) 


where dq is the increase in the amount of positive electricity 
at this surface in time dt. 

Combining equations (8) and (9), it follows that the difference 
between the displacement current leaving one side of the surface 
and the displacement current entering the other side of this sur- 
face is likewise equal to the increase in the amount of positive 
electricity at this surface in time dt, or 


i> _ ,•/ _ dq 

" ll ~di 


( 10 ) 
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Let be the electric flux which enters one side of this surface 
and the electric flux which leaves the other side of this surface. 
Then, from equation (6), 


Whence, 


1 L u. _ *_) = §2 

4t dt m n) dt 


\pi — fa = Arq 


(ID 


where q is the charge on this surface at any instant, and ^ i 
and yf/ 2 are respectively the electric fluxes which leave and enter 
the two sides of this surface at this instant. 

Or, considering an electric flux which enters a surface equiva- 
lent to a negative electric flux leaving this surface, there results 
the fundamental relation that the resultant electric flux outward 
from both sides of a surface is always equal to Air times the algebraic 
sum of the electric charges which have been conducted (or carried by 
convection) to this surface through the media on the two sides of it. 
(In this statement a negative charge is considered as a negative 
quantity.) 

From the relation just deduced it follows that at any surface 
on which there is no electric charge, or at each element of which 
there exist equal quantities of positive and negative electricity, 
the electric flux which enters one side of this surface is equal to 
the electric flux which leaves its other side. 

It therefore follows that electric flux may be represented by 
continuous lines, just as magnetic flux is represented by 
continuous lines, and that these lines must either (1) form 
closed loops or (2) originate from a positively charged surface 
and end on a negatively charged surface. When used in a 
quantitative sense, the term lines of electric force is to be under- 
stood to mean lines drawn in the field in such a manner that their 
direction at each point coincides with the direction of the elec- 
tric flux density at this point, and their number entering or leav- 
ing any surface is equal to the electric flux which enters or leaves 
this surface. Such lines are also called lines of electric 
induction. 1 


1 Some physicists make the same distinction between lines of electric force 
and lines of electric induction as is sometimes made between lines of mag- 
netic force and lines of magnetic induction (see footnote, p. 243, Part I.). 
Throughout this book, however, the terms “ lines of electric force” and 
“ lines of electric induction” are used synonymously. 
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From equation (11) it follows that 4t lines of electric force 
originate at every unit positive charge and end on a unit negative 
charge. Or, every line of electric force which has ends must 

have a positive charge of ^ units at one end and a negative charge 
of t 1 units at the other end. 

139. Specific Inductive Capacity or Dielectric Constant. — 

From the definition of electric flux density (see equation (4)) it 
follows that the electric flux density D at any point depends (1) 
upon the electric intensity F at this point and (2) upon the nature 
of the medium at this point. Consequently, the same electric 
intensity F will in general produce in different media different 
values of the electric flux density D. For example, calling k, 
the dielectric permeability of free space, or vacuum, and k the 
dielectric permeability of any substance (e.gr., air, glass, or other 
insulator), then for the same electric intensity F in the two 
media, the ratio of the electric flux densities in the two media is 



( 12 ) 


This ratio K , which may be defined as the ratio of the electric 
flux density in the given substance, corresponding to a given 
electric intensity, to the electric flux density which this same elec- 
tric intensity would produce in free space, is called the “specific 
inductive capacity,” or “dielectric constant,” of the given 
substance. The term dielectric constant, though frequently 
employed, is somewhat of a misnomer, for the ratio K is not 
always a constant. 

It is important to note that the specific inductive capacity of a 
substance is simply a numerical ratio, and is independent of the 
system of units employed, provided the two flux densities D and 
D, are expressed in the same unit. The dielectric permeability 
fc, however, is not a numerical ratio, but has the dimensions of 
electric charge per unit area divided by force per unit charge. 
Its numerical value therefore does depend upon the system of 
units employed. 

The c.g.s. electrostatic system of units is based on the arbitrary 
choice of unity as the numerical value of the dielectric permea- 
bility of free space. In this system of units, therefore, the dielec- 
tric permeability of any medium is numerically equal to its spe- 
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cific inductive capacity. In the c.g.s. electromagnetic system, on 
the other hand, the dielectric permeability k is equal to 10™ 
times the specific inductive capacity K of the given medium, or 


k in c.g.s. electromagnetic units 


K 

9 X 10 20 


Similarly, in the practical system of units, when the centimeter 
is used as the unit of length, the dielectric permeability k is 


equal to q"~ x\o u ^'“ nes s P ec ifi° inductive capacity K , 
k in practical units = 


or 


From the definition above given, the specific inductive ca- 
pacity of free space is equal to unity, irrespective of the system of 
units employed. In the c.g.s. electrostatic system of units, the 
dielectric permeability of free space is likewise equal to unity. 
In the c.g.s. electromagnetic system of units, however, the di- 
electric permeability of free space is equal to q ~ x\o 20 * Through- 
out the remainder of this chapter, unless distinctly stated other- 
wise, where the specific inductive capacity ( capital K) is used in a 
formula, the formula will be given in c.g.s. electrostatic units. 
Any given data may be readily reduced to this system of units 
by employing the proper conversion factors. See any electrical 
engineers’ handbook for tables of conversion factors. 

The specific inductive capacity of a substance may be readily 
measured by a number of methods. The principle involved in 
these methods of measurement is discussed in Article 154. Such 
measurements show that the specific inductive capacity of air 
and other gases is substantially equal to that of free space, viz., 
unity. Liquid and solid insulators (such as oil, glass, porcelain, 
etc.) have a specific inductive capacity ranging in value 
from about 2 to 10, depending upon the particular substance in 
question. 

Substances which are neither good insulators nor good con- 
ductors, such as water, have relatively high specific inductive 
capacity; e.g ., the specific inductive capacity of water is about 80. 
Good conductors, such as metals, probably have very large 
specific inductive capacity, although very little is known about 
the actual values of the specific inductive capacity of such 


Digitized by ^.ooQle 



ELECTRIC FIELDS IN DIELECTRICS 


11 


substances, since the conduction currents in such substances 
completely mask the effect, if any, of any displacement current, 
which may be established in them. 

The specific inductive capacity of solid and liquid dielectrics 
is not strictly a constant for any particular substance, but de- 
pends, among other things, upon the electric intensity established 
in it, in much the same manner as the magnetic permeability 
of ferromagnetic substances depends upon the magnetizing force. 
This variation in the value of the specific inductive capacity, 
however, is much less pronounced than the variation of the 
magnetic permeability of ferromagnetic substances. 

140. Electric Fields In and Around Charged Conductors. — As 
shown in Article 64, the electric intensity at any point in a sub- 
stance through which there is a flow of electricity or conduction 
current, is always equal to the product of the resistivity p of this 
substance by the density <r of the conduction current at this 
point, viz., 

F = fxr (13) 

That is, the electric intensity in a substance is always equal to 
the resistance drop through it per unit length. Consequently, 
within the substance of a conductor through which there is no flow 
of electricity there can be no electric field , i.e., in a conductor in 
which there is no “ conduction ” current the electric intensity 
F is always zero. 

This relation is true, whether the substance in question is a 
good conductor or a poor conductor. Hence, since every in- 
sulator is a conductor, to at least a slight extent, an electric field 
cannot be established in any substance without causing at least 
a small conduction current to flow through it. However, in the 
case of good insulators, such as glass, porcelain, rubber, and the 
various insulating compounds used in practice, the resistivity 
p is so large that the conduction current is usually practically 
negligible. 

The electric flux density D at any point in a substance is, by 
definition, 

D = kF (14) 

where F is the electric intensity at this point and k is the di- 
electric permeability of the substance. Consequently, since 
in a conductor in which there is no flow of electricity, there can 
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be no electric intensity, it follows that in such a conductor the 
electric flux density is zero. Hence, in a conductor through which 
there is no flow of electricity there can be no electric flux , or lines 
of electric force. 

Consequently, when two or more charged conductors are 
insulated from one another by a perfect insulator, and the 
charges on these conductors are at rest, the only place in which 
an electric field can exist is in the medium which surrounds the 
conductors. The lines of electric force, being confined solely 
to the insulating medium, must therefore end on the conductors, 

each line originating from a positive charge of ^ units and ending 

on an equal negative charge. 

When an electric field is established in a dielectric which is not 
a perfect insulator, there will be in general a flow of electricity 
both through it and the conductors which it separates, and conse- 
quently an electric field may also exist within these conductors. 
However, when the conductors are metals or other substance of 
relatively low resistivity, the electric intensity within the con- 
ductors is generally inappreciable in comparison with the electric 
intensity in the surrounding dielectric. Therefore in this case 
also the electric flux is confined practically to the dielectric. 

Consider any point in any surface whatever in an electric 
field, and imagine a rectangular closed path drawn around this 
point in such a manner that the long sides of this rectangle are 
on opposite sides of this surface. By applying to this closed 
loop the general relation expressed by equation (1), it may be 
readily shown that the tangental components of the electric 
intensity on the two sides of a surface are always equal. (Com- 
pare with the corresponding relation for the tangental com- 
ponents of the magnetizing force, Article 94.) 

As a consequence of this relation, and the fact that in con- 
ductors in which there is no flow of electricity the electric in- 
tensity is always zero, it follows that the tangental component 
of the electric intensity in the dielectric just outside the surface 
of a conductor in which there is no electric current, is always 
zero. Hence the lines of electric force always leave and enter the 
surface of a conductor at right angles to this surface , provided there 
is no current in the conductor. 

Consider a unit area in the surface of a charged conductor 
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and let <r be the charge on this area, i.e., the density of the charge 
on this surface. This area will be the origin or terminus of 
4mr lines of force, accordingly as the charge on this surface is 
positive or negative. Hence in the dielectric just outside this 
area the electric flux density is 


D = 4 T<T 


and the electric intensity is 


F = 


4t(T 

~T 


(15) 

(15a) 


where k is the dielectric permeability of this dielectric. The 
direction of this electric intensity is always perpendicular to the 
surface, outward from the surface when the charge on it is positive 
and toward the surface when the charge on it is negative. 



Fiq. 102. — Lines of electric force due to two equally and oppositely 
charged spheres. 

These relations, though strictly true only when there is no 
current in the conductor and no magnetically induced electro- 
motive force in the dielectric, are also practically true for a con- 
ductor in which there is an electric current, constant or varying, 
provided the resistivity of the conductor is small in comparison 
with the resistivity of the surrounding dielectric, and provided 
the rate of change of the current is not exceedingly rapid. 

To sum up, a positive charge of q units on the surface of a 
good conductor is always the origin of q lines of electric force, 
which, in the dielectric just outside the conductor, are at right 
angles to this surface. Similarly, a charge of q units of negative 
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electricity on the surface of a good conductor is always the end 
of Airq lines of force, which enter this surface at right angles. 
This relation between the direction of the lines of force and the 
surface of a conductor applies only to points infinitely close to 
the conductor. In the space between the two conducting 
surfaces the lines of electric force are curves, as indicated in 
Fig. 102 for the particular case of two spheres charged with equal 
amounts of positive and negative electricity respectively. 

141. Difference of Electric Potential and Electric Intensity. — 
From the definitions and experimental facts stated in Chapter II, 
it follows that when there is no source of electromotive force 
in the path connecting two points (t.e., when there is no contact 
electromotive force or magnetically induced electromotive force 
in this path), the difference of electric potential between these 



two points is equal to the resistance drop along this path from one 
point to the other. As noted in Article 64, the resistance drop 
per unit length at any point is equal to the electric intensity at 
this point, viz., to the electric force per unit charge. Hence 
the drop of electric potential from any point 1 to any other point 
2 is equal to the line integral of the electric intensity from 1 to 2 
along any path in which there is no contact electromotive force 
and no magnetically induced electromotive force . This relation 
is a perfectly general one, and is applicable to both insulators 
and conductors. 

The relation just stated may be conveniently expressed mathe- 
matically as follows: Let vn designate the drop of electric po- 
tential from the point 1 to the point 2, and let dl be an elementary 
length in any path from 1 to 2 in which there is no contact or 
magnetically induced electromotive force, let F be the electric 
intensity at dl, and let 0 be the angle between the direction of 
dl and the direction of F . Then the drop of electric potential 
from 1 to 2 is 
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t>i 2 = jl (F cos 6)dl (16) 

From equation (13) the electric intensity F may be expressed 
in terms of the density <x of the conduction current at dl and the 
resistivity p of the medium at dl. From equation (14) F may 
also be expressed in terms of the electric flux density D at dl and 
the dielectric permeability k of the medium at this point. Equa- 
tion (16) may therefore also be written 


V12 = Ji P (f cos 0 )dZ 

(16a) 

t>i* = Jj 2 j[ ( D cos 0)dl 

(166) 


Equation (16a) is applicable only when there is an actual 
flow of electricity, and equation (166) is applicable only when an 
electric flux exists in the medium under consideration. In the 
case of a substance which has both a finite resistivity p and a finite 
dielectric permeability k, as, for example, a “leaky” insulator, 
either equation may be employed. 

Equation (166) shows that whenever there exists a difference 
of electric potential between two conductors separated by a di- 
electric (for example, the two wires of a transmission line), there 
must be an electric field in the medium surrounding these con- 
ductors, and that the lines of force which represent this electric 
field must originate at and end on the two conductors. Conse- 
quently, these conductors must be equally and oppositely charged. 
In short, whenever a difference of electric potential exists between 
two or more conductors , the surfaces of these conductors are always 
charged with electricity , and (from article 140) the sum of all the 
positive charges in the field must be equal to the sum of all the 
negative charges in the field. 

142. Electric Flux Density at any Point Due to Unvarying 
(Static) Electric Charges. — Imagine a sphere of conducting 
material to be charged with q units of positive electricity 
(see Fig. 104), and let this sphere be at an infinite distance 
from all other conductors, and let it be surrounded by a uniform 
medium whose dielectric permeability is k. From symmetry, 
the lines of electric force due to the charge q must then be 
uniformly distributed radial lines extending out into space in 
all directions. 

When there is no flow of electricity within the sphere, i.e., 
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when the electricity on it is at rest, there will be no electric field 
within it. Therefore, from the relation expressed by equation 
(11), there will be Airq lines of electric force proceeding outward 
from the sphere, and these lines will intersect at right angles every 
spherical surface in the dielectric concentric with the given sphere. 
Let x be the radius of such a surface. Then the area of this sur- 
face is 4irz 2 . The number of lines of electric force through unit 
area of this surface is then 

4tt£ = 

4j rx 2 x 2 

Hence the electric flux density at any point P outside of, and 



Fia. 104. 


at a distance x from the center of, a charged conducting sphere 
on which the charge is at rest is 



(17) 


where q is the charge on this sphere. Note that this flux density 
is independent of the nature of the medium, provided the medium 
is uniform , i.e., has the same dielectric permeability at every point. 
Note also that this flux density is independent of the radius 
of the sphere on which the charge is located, but depends only 
upon the total charge on the sphere and the distance of the point 
P from its center. 


From equation (4) and equation (17) it follows that the electric 
intensity at the point P is 



( 18 ) 
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where k is the dielectric permeability of the medium. The elec- 
tric intensity therefore does depend upon the nature of the 
medium surrounding the sphere, whereas, when the medium is 
uniform, the electric flux density does not. 

When the charge q is positive, both the flux density and the 
electric intensity are in the direction of the line drawn from 
the center of the sphere to the point P. When q is negative, then 
the values of D and F given by these equations are likewise nega- 
tive, indicating that the flux density and electric intensity 
are in the opposite direction^ i.e., from the point P toward the 
center of the sphere. 

Equations (17) and (18) are applicable only to the special case 
of a single conducting sphere surrounded by a uniform medium. 



In the general case of any number of conductors of any shape, 
surrounded by any number of dielectrics, experiment shows 
that the resultant electric intensity and electric flux density at 
any point due to any number of unvarying electric charges 
depend upon the value and distribution of these charges in 
exactly the same way that the resultant magnetizing force and 
magnetic flux at any point in a magnetic field depend upon the 
value and distribution of these magnetic poles (see Article 103). 

Consider any elementary area dS in the surface of contact 
between any two different substances in the field (Fig. 105), and 
let Pi cos a\ be the normal component of the electric intensity on 
that side of this surface at which the lines of force leave and 
let P 2 cos «2 be the normal component of the electric intensity 
on the other side of this surface. Put 

k 

dq' = ~ (Pi cos ai — P 2 cos a 2 ) dS 

2 
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where k « is the dielectric permeability of free space in the par- 
ticular system of units employed. The quantity dq' as de- 
fined by this equation is called the “total equi valent 1 1 charge at 
the surface dS. 

This total equivalent charge also may be expressed in terms 
of the electric flux densities D\ and D 2 on the two sides of the 
surface, and the dielectric permeabilities k\ and k 2 of the sub- 
stances which are in contact at this surface, viz., 

, . k t (Dx COS aids D 2 C0Sa 2 dS\ 

dq = £ V k, k 2 ) 


But from equation (5), D\ cos a\ dS is equal to the number of lines 
of force, say d\p 1 , which leave dS } and D 2 cos a 2 dS is equal to the 
number of lines of electric force, say <ty 2 , which enter dS. Also 


k\ k 2 

note that jr = K 1 and jr = K 2 are the specific inductive ca- 

AC* 


l k. 


pacities of the media on the two sides of this surface. Hence the 
above expression for the total equivalent charge at the surface 
dS may be written 



(19) 


On the other hand, from equation (9), the difference between 
d\f / 1 and d\p 2 is equal to Air times the charge which this surface 
has acquired as the result of the transfer of electricity to it through 
one or the other of the media on the two sides of this surface . 

Let dq be the value of the charge thus transferred to this sur- 
face. This charge dq will be referred to as the “real” charge on 
this surface. Then d\p 1 — d\p 2 = dq } or 

d\p 2 = d\j / 1 — Air dq 

Equation (19) may then be written 

+ (19o) 

Hence the total equivalent charge at any surface of finite 
area S is 



where q is the total real charge on this surface, \pi is the total 
number of lines of electric force which leave this surface, K\ 
is the specific inductive capacity of the medium on that side 
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of the surface from which the lines of force leave, and K% is the 
specific inductive capacity of the medium on the other side of 
this surface. 


Experiment shows that when the total equivalent charge at 
every surface, as defined by equation (196), is taken into account, 
and these charges remain constant in magnitude and distri- 
bution, the resultant electric intensity at any point P in the field 
is equal to the vector sum of the electric intensities at P as cal- 
culated from the formula 



( 20 ) 


for each of these equivalent charges. That is, the resultant 
electric intensity at each point in an unvarying electric field is 


k. 2* x 2 


(20a) 


where the symbol 2 indicates a vector summation. In this for- 
mula k a is the dielectric permeability of free space (= unity 
in the c.g.s. electrostatic system), and x is the distance of the 
point P frqm any particular equivalent charge dq'. Note par- 
ticularly that k a is not the dielectric permeability of the medium 
at P, unless this happens to be free space. 


Problem 2. — A circular metal plate has a real charge of a statcoulombs 
per square centimeter on one face only, the opposite face being uncharged. 
The radius of the disc is r centimeters. The dielectric in contact with this 
disc has a specific inductive capacity K. 

(a) Prove that the total equivalent charge per unit area of the charged 
surface of the disc is 



(6) Prove that at any point on the axis of the disc, at a distance o from 
its charged surface, whether this point be in the dielectric, in the substance 
of the disc, or on the opposite side of the disc, the electric intensity due to 
the equivalent charge at the charged surface of the disc is, in statvolts per 
centimeter, 

Fi = (1 - cos e) (21) 

where 

9 - tan_1 © 

(See Problem 6 of Article 134.) 


(c) Show that when a is small in comparison with r, the electric intensity 
due to the equivalent charge at the charged surface of the disc is 

2rrcr 


F i 


K 


(21 a) 
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(d) Consider a second metallic disc of radius r placed co-axially with and 
parallel to the first disc, and let the face of this disc opposite the charged 
face of the first disc be charged with — <r statcoulombs (real charge) per 
square centimeter, its opposite face being uncharged. Show that at any 
point on the axis of the two discs, in the dielectric between their charged 
surfaces, the total electric intensity, in statvolts per centimeter, is 

r = Y ( 216 ) 

provided the distance apart of the discs is small compared with their radius. 

(e) For the same conditions as specified in (d) show that at any point 
on the axis of the two discs, either within the substance of the disc or in the 
dielectric outside the space between the two , the electric intenstiy is practically 
zero, provided the point in question is at a distance from each charged 
surface small in comparison with the radius of this surface. 

143. Real and Apparent Charges. — In equations (19a) to (20a) 
the symbol q is used to designate the charge which is conducted 
to a surface through the substance on one side or the other of 
the surface, or which is brought to this surface by convection. 
As already noted, this charge may be called the “real” charge 
at the given surface. The algebraic difference between the 
total equivalent charge q' and this conducted charge g, viz., 

Qa = q' -q (22) 

will be referred to as the “apparent” charge on the given surface. 

From equation (196) an apparent charge exists at the surface 
of contact between every two media whose specific inductive 
capacities are different, except in the special case of the surface 
of a good conductor (practically infinite dielectric constant) in 
contact with a medium whose specific inductive capacity is 
unity. 

When there is no real charge at this surface of contact (g = 0) 
the apparent charge is 

Qa = tr (kx * K~) (22o) 

where \p is the electric flux through this surface, Ki is the specific 
inductive capacity of the medium on that side of the surface 
from which the flux leaves, and K 2 is the specific inductive ca- 
pacity of the medium on the other side of this surface. 

For example, consider a dielectric, whose specific inductive 
capacity is K, to be placed in an electric field in air (specific 
inductive capacity unity). On that portion ofthe surface of this 
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dielectric from which the lines of electric force leave there will 
be an apparent charge equal to 


± 

4r 


( 


- 4 ) 


(226) 


and on that portion of the surface of this dielectric at which the 
lines of electric force enter there will be an apparent charge 
equal to 


±_ 

4tt 



(22c) 


The surface of a dielectric in an electric field may therefore 
always be divided into two portions which are the seats of equal 
and opposite apparent charges. Compare with the magnetic 
poles induped at the surface of a magnetic substance in a magnetic 
field, Article 103. • 

The apparent charge at the surface of contact between a 
metallic conductor and a dielectric whose specific inductive 
capacity is K , is 

<7° = 3 (^ - 1 ) = “ « ( 1 ~ (22d) 


where q is the real charge at this surface. This follows directly 
from equations (22) and (196), noting that the dielectric constant 
of a metallic conductor is practically infinite and that the flux 
which leaves a real charge g on a conductor is equal to 4 irq. 
Since K is never less than unity, the apparent charge at such a 
surface is always of opposite sign to the real charge at this surface. 

Problem 3. — A piece of plate glass is placed in a uniform electric field in 
air, with its flat surface perpendicular to the lines of electric force which 
represent this field. The electric intensity in the air just outside the glass 
is 7500 volts per centimeter. The dielectric constant of the glass is 7. 
The plate has a thickness of 0.5 centimeter, and each flat surface an area of 
100 square centimeters. 

(a) What is the total electric flux which enters the glass? (6) What is 
the total electric flux which passes through the glass? (c) What is the 
electric flux density inside the glass? (d) What is the electric intensity 
inside the glass? (e) What is difference of potential between the two 
faces of the glass plate? (f) What is the apparent charge on each face of 
the glass? (g ) Were one face of the glass in contact with a metal plate, 
the electric flux leaving the other face of the glass remaining the same as in 
(6), what would be the real charge on the metal plate? (6) What would 
be the apparent charge on the glass? (i) What would be the total equiva- 
lent charge at the surface of contact between the metal and glass plates? 
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Answer . — (o) 2500 c.g.s.e.s. units. ( b ) 2500 c.g.s.e.s. units, (c) 25 
c.g.s.e.s. units. ( d ) 3»57 statvolts per cm. = 1071 volts per cm. (e) 536 
volts, if) — 171 statcoulombs on the face at which the lines of electric force 
enter and +171 statcoulombs on the face from which the lines of force 
leave the glass, (g) +199 statcoulombs. ( h ) —171 statcoulombs. (t) 
+28 statcoulombs. 

144. Hypothesis Regarding the Nature of the Apparent 
Charges at the Surface of a Dielectric. — On the basis of the 
electron theory, the apparent charge at the surface of a dielectric 
is actually a real charge of electricity, differing from a charge 
which is conducted to a surface only in that it cannot be removed 
from the molecules which make up this surface. This conception 
arises from the assumption that the fundamental difference 
between a conductor and a dielectric is that a conductor contains 


Direction 
of Electric 

EtekT* 



a large number of “free” electrons which can move from one 
portion of the conductor to another, and may even be completely 
removed from the conductor, without destroying its nature, 
whereas in a dielectric most of the electrons present are each 
permanently attached to, and form a part of, a definite molecule, 
and cannot be removed from it without destroying it. 

When an electric field is established in a conductor, the free 
electrons within it are acted upon by a force in the opposite 
direction to the electric intensity (for the electrons are negative 
charges), and their motion through the conductor is opposed only 
by a force of a frictional nature. However, when an electric field 
is established in a dielectric, the electron which forms a permanent 
part of a given molecule cannot move out of this molecule, but is 
displaced a minute distance with respect to the positive nucleus 
of the molecule, and the molecule as a whole turns so that a line 
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drawn through it from its negatively charged end to its positively 
charged end coincides with the direction of the electric field. 

Such a displacement of the electrons within the molecules 
of a dielectric, and the turning of these molecules, will result in 
a volume distribution of charges somewhat like that shown in 

Fig. 106. By applying the formula F = to each of these 

molecular charges, it may be shown that such a volume dis- 
tribution of charges will produce identically the same electric 
field as that which would be produced by a surface distribution of 
charge satisfying the relations given in Article 103. 

This theory of the nature of a dielectric should be compared 
with the theory of the molecular nature of ferromagnetic sub- 
stances (Article 114). Note however, that in a dielectric it is 
the particles of electricity which are arranged along definite 
lines by an electric force, whereas in a magnet it is the axes of 
the circuits (or orbits) in which these particles move which are so 
arranged. A dielectric in an electric field is frequently said to be 
electrically “ polarized, ” just as a piece of iron in a magnetic field 
is said to be magnetically “polarized.” 

145. Distribution of Electric Charges on Conductors and 
Dielectrics. — When the strength and distribution of all the elec- 
tric charges, both real and apparent, in a given field are known, 
the electric intensity at each point in the field due to these charges 
may always be calculated 1 from equation (20a) of Article 142. 
Since the distribution of the charges depends in turn upon the 
electric intensity at each surface of contact between dissimilar 
substances, the exact determination of the value of the electric 
intensity, except in certain special cases of symmetry, is by no 
means a simple problem. 

From the relations above developed, however, certain general 
conclusions of both practical and theoretical importance may be 
drawn, viz. : 

1. As noted in Article 141, the electric intensity within the 
substance of a conductor through which there is no flow of 
electricity is always zero. Hence one condition which must be 
satisfied by the equivalent charges in an electric field is that they 

1 This equation gives the total electric intensity only when the magnetic 
field in the region under consideration is not varying, i.e. } when there is no 
appreciable magnetically induced electromotive force in this region. 


Digitized by ^.ooQle 



24 ELECTRICITY AND MAGNETISM FOR ENGINEERS 


must always be so distributed that they produce zero electric 
intensity within the substance of every conductor in the field 9 
provided there is no flow of electricity through this conductor, 
and also provided there is no magnetically induced electromotive 
force within this conductor. This law refers to the combined 
effect of the real and apparent charges. 

2. Experiment justifies the assumption that at any elementary 
surface (large in comparison with the size of a molecule) inside 
a uniform substance, the resultant real charge and the resultant 
apparent charge are both zero. This is true whether or not 
there is a flow of electricity through the substance. Hence 
both the real and the apparent charges on a body are always 
confined to its surface. 

3. Within the substance of a dielectric, the electric intensity 
is not zero, but is equal to the electric flux density at this point 
divided by the dielectric permeability at this point. The 
equivalent charges in the field must therefore also be distributed 
in such a manner that equation (20a) is satisfied at every point 
in the field, and in addition, in such a manner that equation (19a) 
is satisfied at every point of every surface of contact between 
two different substances or media. 

4. As a consequence of the fact that the resultant electric 
intensity inside a conductor in which there is no current and no 
magnetically induced electromotive force is always zero, it may 
be shown that the real charges on the surface of a conductor 
tend to distribute themselves in such a manner that the density 
of the charge is greatest where the curvature of the surface is 
greatest. A sharp point in the surface of a conductor is therefore 
usually the seat of a relatively dense charge, and the electric 
intensity in the dielectric just opposite such a point is relatively 
high (see equation (15a)). As the charge on a conductor is in- 
creased, the surrounding dielectric will therefore as a rule break 
down first where it is in contact with that portion of the con- 
ducting surface which has the greatest curvature. 

146. Electrostatic Induction. — Consider an electric field, such 
as that represented by the lines of force shown in the upper part of 
Fig. 107, and let there be no contact electromotive force or magnet- 
ically induced electromotive force in the region under considera- 
tion. Any surface in such a field which is perpendicular at each 
point to the line of electric force through that point is an electric 
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equipotential surface, for the line integral of the electric force 
along any path from one point to another in such a surface is 
zero (see Article 64). 

Since in a conductor in which there is no electromotive force 
and in which there is no flow of electricity, there can exist no 
electric field, it follows that the surface of every conductor in an 


4 - 



Fietld alter xnsertion of Conductor 


Fig. 107 . 


electric field is an electric equipotential surface, provided there is 
no electromotive force in it and no flow of electricity through it. 
Hence, when a conductor is placed in an electric field, such as 
shown in the upper part of Fig. 107, this conductor must become 
an electric equipotential surface, when there is no current in it. 
That is, when the points 1 and 2 in the upper part of Fig. 107, 
between which a difference of potential exists, are connected by 
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a completely insulated conductor, these two points must come to 
the same potential. 

Experiment shows that this condition results in the estab- 
lishment of equal and opposite charges on the surface of the 
conductor, distributed as indicated in the lower part of Fig. 107. 
The charges thus established on a conductor are called “induced” 
charges, and the entire phenomenon is referred to as “electro- 
static induction.” These induced charges change the shape 
and distribution of the electric lines of force as indicated in the 
figure. 

When the given conductor is completely insulated from all 
other conductors, the only source of electricity from which 
these charges can come is the conductor itself. Hence, during 
the establishment of these induced charges, there must be a flow 
of electricity through the conductor in the direction of the 
original field, i.e., from 1 to 2, but this flow ceases as soon as the 
new distribution of charges is such as to produce zero electric 
intensity within the conductor. On the basis of the electron 
theory, this flow of electricity is looked upon as being an actual 
motion of electrons (negative electricity) in the opposite direction 
to that of the electric intensity, i.e ., from 2 to 1, leaving the sur- 
face of the conductor in the vicinity of 2 positively charged, 
and producing a negative charge on the surface of the conductor 
in the vicinity of 1. 

That there is an actual transfer of electricity from one part of 
the conductor to the other is borne out by the experimental 
fact that when a conductor is thus charged by electrostatic in- 
duction, the two halves of the conductor may be separated, and 
one portion will remain positively charged and the other portion 
negatively charged, even when removed completely from the field. 
The distribution of the charges on the two portions, however, 
will in general change when the two parts are separated. 

When a dielectric is placed in an electric field, a similar phe- 
nomenon is produced, with this important difference, viz., there is 
no actual transfer of electricity from one portion of the dielectric 
to the other (assuming the dielectric to be a perfect insulator), 
although apparent charges do appear at the two end surfaces 
of the dielectric. The effect, when the dielectric has a greater 
specific inductive capacity than that of the surrounding medium, 
is entirely analogous to the effect produced in a piece of iron 
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when placed in a magnetic field in air (see Fig. 69), i.e. y the dielec- 
tric becomes electrically polarized as explained in Article 144. 

When a conductor is placed in an electric field, the charges 
induced on its surface completely neutralize the original field 
within the space which it is made to occupy. The lines of electric 
force which enter it terminate on that portion of its surface which 
is negatively charged, and an equal number of lines of electric 
force originate at the positive charge induced on the rest of its 
surface. No lines of electric force , however , pass through the con- 
ductor (see Fig. 107). 

When a dielectric is placed in an electric field in a medium 
whose specific inductive capacity is less than that of this dielectric, 
the charges induced on its surface do not completely neutralize 
the original electric intensity in the space which it is made to 
occupy, but merely reduce the resultant electric intensity in 
this space. The electric flux density in this space, however, is 
increased . That is, the lines of electric force crowd into the 
dielectric, just as the lines of magnetic force crowd into a piece 
of iron (compare Fig. 69). 

When the surrounding medium has a greater specific inductive 
capacity than that of the dielectric which is inserted in the field, 
a positive apparent charge is induced on the end of the dielectric 
at which the lines of force enter, instead of on the end at which 
they leave (see Article 143). An equal negative apparent charge 
is induced on the other end of the dielectric. In this case, there- 
fore, the resultant electric intensity in the space which the di- 
electric is made to occupy is greater than that due to the original 
field. The electric flux density , however, is less than that origi- 
nally in this space, i.e. t the presence of the dielectric makes the 
lines of force crowd into the surrounding medium. An entirely 
analogous effect is produced in a magnetic field in air when a 
diamagnetic substance is placed in this field. 

147. Induced Charges on Conductors. — A fact of fundamental 
importance, and which follows as a necessary consequence of 
the general principles already set forth, is that when any number 
of charged conductors, on which the charges are at rest, are 
surrounded by a closed conducting shell, completely insulated 
from all other conductors (including the earth), there is induced 
on the outside surface of this shell a charge equal to the algebraic 
sum of all the charges on these conductors, and on the inside 
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surface of this shell an equal and opposite charge. This follows 
immediately from the fact (1) that no lines of force can pass 
through the substance of a conductor in which there is no flow 
of electricity, and the fact (2) that the charges induced on an 
insulated conductor are always equal an opposite. 

When an insulated conductor on which charges are induced 
is connected to another conductor, the distribution of charges 
will of course be altered. The fundamental relation is always 
that the distribution of the charges must be such as to produce 
zero electric intensity in all the conductors in the field. This 
usually means that the positive and negative charges induced 
on a conductor, or on a system of conductors all of which are con- 
nected to one another, tend to get as far apart as possible. Hence, 
when a conductor in an electric field is connected to the earth, 
the charge which is repelled by the field will be repelled to such 
a distance that its effect may usually be neglected, i.e ., it may 
be looked upon as being repelled to the “ other side of the 
earth.’ 1 

For example, when a closed shell surrounding one or more 
charged conductors is connected to the earth, the charge induced 
on the outside of the shell flows off to the earth, and no appre- 
ciable electric field exists in the vicinity of the shell. This 
applies only to the region outside the shell. Inside the shell 
there is a field due to the charged conductors within it and the 
charge induced on its inside surface. Practical application is 
made of these relations in calculating the electrostatic capacity 
of cables (see Article 150). 

Another important fact, which follows directly from the prin- 
ciple that no difference of electric potential can exist in a con- 
ductor in which there is no flow of electricity and no electromo- 
tive force, is that a region completely surrounded by a closed 
conducting shell is completely screened from all external 
electrostatics effects. By an electrostatic effect is meant the 
effect due to electric charges at rest. 

Such a screen, if a good conductor, is also a protection against 
effects due to electricity in motion, i.e., against electric forces 
due to varying magnetic fields. This is due to the fact that any 
tendency to establish a difference of potential between points 
inside such a screen immediately sets up a flow of electricity in it 
tending to prevent this rise of potential. In fact, one or two wires 
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connected to the earth are often sufficient to maintain a safe 
potential gradient in their vicinity, even when the inducing field 
is extremely intense, as, for example, in the case of lightning. 
This is the principle of the lightning rod and of the “ground” 
wires commonly used over, or along side of, high-voltage 
transmission lines. 

148. Dielectric Strength, Electric Spark and Electric Corona. — 

Experiment shows that when an electric field is established in a 
dielectric and the intensity of this field is increased, a point is 
reached at which the dielectric loses its insulating property and 
becomes a relatively good conductor. This condition is usually 
manifested by a spark, which burns a hole through the dielec- 
tric, i.e., the dielectric is “ punctured.” 

Under other conditions the breakdown may not be permanent, 
but may result in the acquisition of a high conductivity by the 
dielectric only while the voltage gradient is maintained above 
the critical value, the dielectric regaining its insulating property 
when the field is reduced below this critical value. This latter 
condition is usually described as the formation of an electric 
“corona” in the dielectric. In the case of air or other gases the 
formation of corona manifests itself by a bluish light in the di- 
electric around the conductors between which the field is estab- 
lished. Whether the breakdown produced by a given voltage 
is of the nature of a puncture, or results in the formation of a 
corona, depends chiefly upon the distribution of the dielectric 
flux produced in the dielectric. See the article on Corona , 
Electric , in Pender’s Handbook for Electrical Engineers . 

The critical field intensity, or voltage gradient, at which break- 
down occurs is called the “dielectric strength” of the dielectric. 
The dielectric strength depends upon the nature of the dielectric 
its value for the various dielectrics ordinarily employed in prac- 
tice depending decidedly upon their chemical and physical nature. 
It is also found that for a given dielectric the critical voltage 
gradient at which breakdown occurs depends in general upon (a) 
the distribution of the dielectric flux just prior to breakdown 
and (6) upon the thickness of the dielectric. It is naturally to be 
expected that the total voltage (total potential difference) required 
to produce a breakdown would depend upon the distribution 
of the dielectric flux and the thickness of the dielectric, for the 
voltage gradient at all voltages depends upon these factors 
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(see Article 150), but there is as yet no satisfactory explanation 
of the dependence of the critical gradient upon these factors. 

In fact, but little is known regarding the nature of an electric 
breakdown, and even the values of the dielectric strength are 
known only approximately in most instances, for in many of 
the tests made to determine its value the distribution of the 
electric flux was not known. The values of the dielectric 
strength given in various text-books and handbooks must, there- 
fore, be considered only as rough approximations, except for 
conditions identical with those under which the tests were made. 

149. Absolute Electric Potential Due to Unvarying Electric 
Charges. — As noted in Article 141, the drop of electric potential 
between any point 1 and any other point 2 in an electric field is 
equal to the line integral of the electric intensity F from 1 to 2 
along any path in which there is no contact electromotive force 
or magnetically induced electromotive force. 

As noted in Article 142, the electric intensity at any point P due 
to an unvarying equivalent charge q f at a distance x from P is 



where k t is dielectric permeability of free space. When there is 
no varying magnetic field in, or surrounding, the region in ques- 
tion this is also equal to the resultant electric intensity at P. 

The drop of electric potential from any point 1 to any other 
point 2, due to a single unvarying equivalent charge q' is there- 
fore equal to the line integral of -r^y from 1 to 2. By employing 

rCgX 

the same method of analysis as used in Article 107, it may readily 
be seen that this line integral has the value 

k a x i k a x 2 


Vi2 


(23) 


where X\ is the distance of the point 1 from the charge q' and 
x 2 is the distance of the point 2 from this charge. 

When the point 2 is at an infinite distance from q f the drop 
of potential from 1 to 2 is simply 


* - & < 24 ) 

The quantity is called the “ absolute electric potential* 1 
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at the point 1 due to the unvarying equivalent charge q'; it is 
equal to the work done by a mechanical force, equal to the electric 
intensity F, in moving a particle from the point 1 to infinity. 

Comparing (24) and (23) it is seen that the difference of elec- 
tric potential between the two points 1 and 2 is equal to the dif- 
ference of their absolute potentials. Since absolute electric 
potential is the ratio of work to charge, and since both work and 
charge are scalar quantities, absolute electric potential is also a 
scalar quantity. Hence the resultant absolute electric potential 
at any point due to any number of unvarying electric charges is 
the algebraic sum of the absolute potentials due to each charge 
separately. Therefore the absolute potential at any point P due 
to a charged surface of any kind is 


1 f ads 
kj s x 


(25) 


where ds represents any elementary area of the surface, a the 
surface density of the equivalent charge at ds, and x the distance 
of the point P from ds. 

Since absolute potential is a scalar quantity, it is often more 
convenient, instead of calculating directly the resultant electric 
intensity at a given point due to a given distribution of charges, 
to find first the absolute potential v at this point, and then 
determine the electric intensity F from the value of v. The 
relation between F and v is exactly the same as that between 
the magnetizing force H , due to a given distribution of magnetic 
poles, and the absolute magnetic potential v due to these poles 
(see Article 107), viz., 

F cos d = — (26) 


where dl is an elementary length taken in any direction at the 
point under consideration, and F cos 0 is the component of the 
electric intensity in this direction. 
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ELECTROSTATIC CAPACITY 

160. Electric Condensers. — Any two conductors so arranged 
that a difference of electric potential may be established between 
them are said to form an “electric condenser.” The simplest 
form of condenser consists of two parallel plates separated by a 
dielectric (e.g., air or other insulator). In Fig. 108 is shown such 
a condenser C connected in series with a switch S, battery B, 
and ballistic galvanometer G. The conductors which form a 
condenser may be of any shape, e.g.> cylinders, spheres, etc., but 


o 



it is common practice to speak of the two conductors as the 
“plates” of the condenser. 

Experiment shows that when the two plates of a condenser, 
originally insulated from all other conductors, are connected by 
wires to a source of electromotive force, these plates become 
equally and oppositely charged. This charge is due to the flow 
of electricity from one plate to the other, which flow ceases when 
the difference of potential V between the plates is equal to the 
electromotive force E of the battery. 

When the two plates of a condenser have been charged in this 
manner, the plates will remain charged even when the wires con- 
necting them to the battery are removed, provided they are not 
touched by any other conductor, and provided the dielectric 
of the condenser is a perfect insulator. Actually, however, since 
no dielectric is a perfect insulator, the charges on the plates will 

32 


Digitized by 


Google 



ELECTROSTATIC CAPACITY 


33 


gradually disappear, i.e., there will be a flow of electricity through 
the dielectric from one plate to the other. 

Similarly, when the two plates of a condenser which has been 
charged as above described are connected by a wire, a momentary 
current will flow through this wire, and the charges on the two 
plates will disappear (provided there is no electromotive force in 
the wire). Due to the relatively low resistance of a wire com- 
pared with the insulation resistance of the dielectric, the dis- 
charge of the condenser in this case usually takes place in a very 
small fraction of a second (see Article 157). 

The quantity of electricity which flows from one plate to the 
other, through the connecting wires, when a condenser is charged 
or discharged, may be readily measured by means of a calibrated 
ballistic galvanometer (see Article 110). A ballistic galvanom- 
eter therefore serves as a means of measuring the real charge 
at the surface of separation between a conductor and a dielectric. 
The charge measured by a ballistic galvanometer does not in- 
clude the apparent charge at such a surface, for this charge 
can never leave this surface, and therefore cannot flow through 
the galvanometer. 

151. Electrostatic Capacity. — The numerical value of the 
charge acquired by either plate of a condenser when a difference 
of electric potential is established between these plates is found 
to depend (1) upon the value of this difference of potential, 
(2) upon the shape and extent of the surface of the plates, (3) 
upon the distance apart of the two plates, and (4) upon the nature 
of the dielectric between the plates. For a given condenser of 
fixed dimensions, the charge taken by either plate is found to be 
directly proportional to the difference of potential which is estab- 
lished between them, at least to a close approximation. 

The ratio of the numerical value of the real charge taken by either 
plate of a condenser , when the two plates are equally and oppositely 
charged , to the numerical value of the potential difference between 
them , is called the electrostatic capacity of the condenser . The 
capacity of a condenser is usually represented by the symbol C . 
Hence, calling q the numerical value of the charge acquired by 
either plate when a difference of potential v is established between 
these plates, then 
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Strictly speaking, this definition applies only when there 
is no varying magnetic field between the two plates. A more 
general definition, which is always applicable, is that the capacity 
of a condenser is equal to the numerical value of the real charge q 
taken by either plate, when the two plates are equally and oppo- 
sitely charged, divided by the line integral of the electric intensity 
F along any path from one plate to the other. When there is no 
appreciable varying magnetic field between the plates, which is 
practically always the case, this line integral is equal to the dif- 
ference of electric potential between the plates (see Article 142). 

The mathematical statement of this general definition is that 
the capacity of a condenser is 


_ q 

- fFdl 


(la) 


where dl is any elementary length in a line of electric force con- 
necting the two plates, F is the electric intensity at dl, and the 
integral is taken along this line of force from one plate to the 
other. As before, q is the numerical value of the charge on 
either plate. 

Since a real charge q gives rise to lines of electric force, the 

capacity of a condenser may also be defined as ^ times the 

quotient of the electric flux ^ from one plate to another divided 
by the line integral of the electric intensity from one plate to the 
other, viz., 

C = hr fFdl 

The last expression for capacity may also be looked upon as 
defining the electrostatic capacity of any portion of a dielectric 
included between two equipotential surfaces and bounded later- 
ally by lines of force. Comparing equation (16) with equation 
(26a) of Article 92, it is evident that, with the exception of the 
factor 4 t, the electrostatic capacity of a dielectric bears a rela- 
tion to the electric flux and electric intensity similar to that 
between magnetic permeance (reciprocal of magnetic reluctance), 
magnetic flux and magnetizing force. 

From the fact that the density of the conduction current at 
any point in a dielectric is y F, where y is the conductivity of 
the dielectric, and that the density of the electric flux at this 
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point is kF, where k is the dielectric permeability of the dielec- 
tric, it may be readily shown that the ratio of the capaoity of 
a condenser to the conductance of the dielectric between its 
k 

plates is Hence the formulas for the capacity and con- 

ductance of the dielectric between the plates of any shape or 
size of condenser differ only by a constant coefficient. That is, 
if g is the conductance of the dielectric between the plates of a 
condenser, no matter what the size, shape or arrangement of these 
plates, the capacity of this condenser is 


C = 


kg 

Airy 


( 2 ) 


The practical unit of electrostatic capacity is called the “ farad.” 
That is, when q is expressed in coulombs and v in volts, the value 
of C given by equation (1) is said to be so many farads. The 
c.g.s. electrostatic unit of capacity is called the “statfarad,” 
and the c.g.s. electromagnetic unit the “abfarad.” A capacity 
equal to one-millionth of a farad is called a “microfarad,” and 
is the unit most commonly employed. These various units are 
related as follows: 


1 farad = 10 6 microfarads 
1 statfarad = X 10~ 5 microfarads 
1 abfarad = 10 16 microfarads. 


Problem 1 . — Two conductors of fixed size and shape are held in a fixed 
relative position by insulating supports. These two conductors are com- 
pletely immersed in a salt solution whose specific resistance is 1.5 ohm-centi- 
meters. It is found that when a current of 10 amperes is established through 
this solution, using the two conductors as electrodes, the total potential drop 
through the electrolyte is 0.2 volt. What is the electrostatic capacity of 
the condenser formed by these two conductors when separated by air? 

Answer. — 5.96 statfarads. 

152. Calculation of the Capacity of Simple Condensers. — 

From the defining equations given in the preceding article, the 
capacity of certain simple forms of condensers may be readily 
calculated. 

(a) Parallel Plate Condenser . — Let S be the area of each 
plate (one surface only) in square centimeters; let d be the dis- 
tance between the two plates in centimeters, and let k be the di- 
electric permeability of the medium, assumed uniform, between 
the two plates. From the condition that there can be no electric 
field within the substance of either plate, it may readily be shown 
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that, when the plates are close together, the charge on each is 
uniformly distributed over that surface of the plate which is 
opposite the other plate (i.e., over the “inside” surface of the 
plate), except for points near the edges of the plates (see Problem 
2, Article 142). 

Moreover, since the lines of force must be perpendicular to 
the surface of each plate, they will be practically straight and 
uniformly distributed, except near the edges of the plates. In 
short, the distribution of the electric lines of force between two 
parallel plates which are very close together is exactly the same 
as the distribution of the magnetic lines of force in a narrow air- 
gap between two iron cores, when the end faces of these cores 
are parallel to each other. 

Let q be the charge on either plate. Then the total number of 
lines of electric force in the dielectric between the two plates is 
4rq. Assuming all these lines to be straight, parallel and uni- 
formly distributed, the electric flux density in the dielectric 
between the two plates is 



and the electric intensity at each point of the dielectric is 

F = ® = 4tt<? 
k kS 


The line integral of F from one plate to the other is simply 
Fd. Whence the difference of potential between th^ two plates 
is 


Airqd 

v = Ts 


(3) 


The capacity of the condenser is therefore 


C = 


kS 

4xd 


(4) 


Note that the conductance of the dielectric between the two 
y S 

parallel plates is g = and compare with equation (2). 


A parallel plate condenser consisting of but a single pair of 
plates has only a very small capacity, even when the plates are 
very close together. However, since the plates of a condenser 
may be made relatively thin, a multiple plate condenser, con- 
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structed as indicated in Fig. 109, may be made to occupy a 
relatively small volume and yet have a relatively high capacity. 
In such a multiple plate condenser both sides of each plate, except 
the two outside plates, become charged when a potential differ- 


+ 



Fig. 109. — Parallel-plate condenser. 

ence is established between the two sets of plates. Hence, call- 
ing N the total number of plates in the condenser, S the area of 
one surface of each plate in square centimeters, d the thickness 
of the dielectric between the plates in centimeters, and k the 
dielectric permeability of this dielectric, the capacity of this con- 
denser is 



Fig. 110. — Spherical condenser. 

(6) Spherical Condenser . — Another simple form of condenser 
consists of two concentric spherical shells, the space between 
which is filled with a uniform dielectric. Let the shells have 
radii of ri and r 2 centimeters and let the dielectric permeability 
of the dielectric between the two shells be k. A charge q units 
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given the inside sphere will induce a charge of — q units on the 
inside surface of the outer shell, and a charge of +q units on 
the outside surface of this shell and whatever other conductors 
may be connected to it. This outside charge + 3 , however, 
will have no effect on the electric intensity inside this shell (see 
Article 147). 

From symmetry, the lines of electric force are radial lines nor- 
mal to the surfaces of two spheres. The total number coming 
out from the charge q is 4w q. Hence the electric flux density at 
any point P in the dielectric is 


D 


4irq _ q 
4ttx 2 x 2 


where x is the distance of P from the center of the spheres. 
Hence the field intensity at P is F Therefore the 

difference of potential between the two spheres is 

I 

Hence the capacity of this condenser is 

Arir 2 


C = 


r* - r 1 


( 5 ) 


(c) Coaxial Cylinders . — Exactly similar reasoning applied 
to the case of two coaxial cylinders which are so long in com- 
parison with their diameters that the lines of electric force going 
out the ends may be neglected, shows that the electric flux 
density at any point P in the dielectric between the two cylinders 

is D = where q is the charge per unit length of the 

condenser, and Z the distance of P from the center of the cylinders. 

2 q 

Hence the electric intensity at P is F = ^ • Therefore the dif- 
ference of potential between the two cylinders is 



where ri is the outside radius of the inside cylinder, and r* 
the inside radius of the outside cylinder. Hence the capacity 
per centimeter of the condenser formed by two long coaxial cylin- 
ders is 


C = 


k 



( 6 ) 
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Compare with the formula, equation (18), Article 65, for the 
insulation resistance of a single conductor cable. 

This formula gives the capacity of a single conductor cable 
enclosed in a lead sheath, when n is taken as the radius of the con- 
ductor and r 2 the inside radius of the sheath. For practical cal- 
culations it may be written 

C = Q-M7354K microfarads per 1000 feet (6a) 

logio p 

Tl 

or 

C = Q-Q3883X microfarads per mile (66) 

lo gio*r 

T\ 

where K is the specific inductive capacity of the insulation. 

(d) Two Parallel Cylinders . — Consider next the case of two 
parallel cylinders whose axes are D centimeters apart, e.g., two 



parallel wires of a transmission line. Let r be radius of each 
cylinder (or wire) in centimeters. An approximate formula 
for the capacity per unit length of the condenser formed by two 
such cylinders may be readily derived, when they are long com- 
pared to their distance apart, and when their distance apart is 
large in comparison with their diameters. Under these condi- 
tions the charge on each cylinder may be assumed uniformly 
distributed over its surface. 


On this assumption, the electric intensity at any point P 
on the line joining the centers of the two cylinders, due to the 

charge on No. 1, is Fi = and the electric intensity at P 
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in the same direction, due to the charge —q on No. 2 is 
2q 

Therefore the total intensity at P is 


Ft = 


k(D - x) 


F = ?? [! + _!_! 
k Lx ^ D - x\ 


Hence the difference of potential between the two cylinders is 



Since by hypothesis D is large in comparison with r, the term 
(D — r ) may be taken equal to D. Hence the capacity per centi- 
meter of the condenser formed by the two parallel cylinders is 


C = 


4 log. 


D 


(7) 


For practical calculations this formula may be written 
0.003677X 


C = 


logio 


D 


microfarads per 1000 feet (7a) 


or 

C = Qi Q194 1X microfarads per mile (76) 

logic ^ 

where K is the specific inductive capacity of the surrounding 
medium. 


In the deduction of equation (7) it was assumed that the charges 
on the two cylinders, or wires, are uniformly distributed. This 
assumption, though permissible when the wires are far apart, 
gives entirely erroneous results when the wires are close together. 
When the actual distribution of the charges on the two wires is 
taken into account, the correct expression for the capacity of 
the condenser formed by them is 


C = 


k 

4 cosh_1 (2?) 
8.467 X 10 

cosh" (?) 


abfarads per centimeter (8) 

microfarads per 1000 feet (80) 


0.0447.K 
cosh" (?) 


microfarads per mile (86) 
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(See Alex Russell, Alternating Currents, Vol. l,p. 99 and Pender 
and Osborne, Elec. World, Vol. 56, p. 667.) When the distance 
apart of the wires is 10 or more times their diameter, the 
approximate formulas (7) to (76) are in error by less than 
0.1 per cent. 

In the deduction of all the formulas in this section it is assumed 
that there is in the vicinity of the two conductors which form the 
condenser under consideration no other conductors on which 
electric charges are induced. When the conductors in the vi- 
cinity of the conductors which form the two plates of a condenser 
are of the same order of magnitude as the latter, and then- 
distance away is of the same order of magnitude as the distance 
apart of these two conductors, their presence may produce an 
appreciable effect on the capacity of the latter. For example, 
the capacity of the condenser formed by two parallel insulated 
wires enclosed in a lead sheath is appreciably affected by the 
presence of the sheath. For a discussion of the electrostatic 
capacity of multiple-conductor cables and various arrangements 
of overhead wires, see the article on Capacity and Charging 
Currents in Pender's Handbook for Electrical Engineers . 


Problem 2. — What must be the area of each plate of a two-plate parallel 
plate condenser in order that this condenser have a capacity of 1 farad, if 
the distance between the plates is 0.01 inch and the dielectric has a specific 
inductive capacity of 2.5. 

Answer. — 4.42 square miles. (Note. — A parallel plate condenser of such 
dimensions is of course impracticable.) 


Problem 3. — (o) Assuming the area of the conducting plates and dielec- 
tric sheets in a multiple-plate condenser to have the same area, what must 
be the volume of a condenser of 1 farad capacity if the conducting plates 
are 5 mils thick and the dielectric is paper 10 mils thick, having a specific 
inductive capacity of 2.5. (6) If this condenser is made in the shape of a 

cube what must be the length of each edge of this cube? (c) How many 
conducting sheets would there be in such a condenser? (d) What propor- 
tion of the volume of this condenser would have a capacity of 1 microfarad? 
(Note. — To avoid excessive leakage at the edge of the plates, the dielectric 
sheets must actually be made of greater area than the conducting plates, 
and consequently the volume of the condenser will be somewhat greater 
than that here calculated.) 


Answer. — (o) 154,000 cubic feet. ( b ) 53.6 feet, (c) 43,000 plates, (d) 


1 

1 , 000,000 


of the volume of the 1-farad condenser, or 0.154 cubic feet, or 


266 cubic inches. Such a condenser made in the form of a cube would be 
6.43 inches on each edge. (Note. — A 2-microfarad condenser having a 
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volume of less than 10 cubic inches is actually used in telephone practice. 
The paper and foil used in this condenser are extremely thin (about 1 mil). 
In spite of the thinness of the insulation between plates, these condensers 
will withstand a potential difference of about 1000 volts. 

Problem 4 . — A certain overhead transmission line, consisting of two No. 
0000 A. W. G. stranded copper wires, spaced 6 feet between their centers, 
is 100 miles long. The diameter of each wire, which may be considered 
a cylinder, is 0.528 inch. 

(a) What is the capacity of the condenser formed by these two wires? 
(6) If a difference of potential of 100,000 volts is established between these 
wires, what will be the charge on each? ( c ) If this difference of potential 
is established in J ^40 of a second, what will be the average rate of change 
of the charge on each wire during this interval? (d) What will be the 
average value of the electric current which flows from one wire to the other 
through the source of electromotive force which establishes this difference 
of potential? (e) Will there be any flow of electricity through the air 
which separates the wires? (/) Will there be a displacement current 
through the air while the potential difference is being established? ( g ) If 
so, what will be the average value of this displacement current? 

Answer. — (a) 0.797 microfarads. (6) 0.0797 coulombs, (c) 19.1 cou- 
lombs per second, (d) 19.1 amperes, (e) No. (/) Yes, as long as the 
potential difference is varying, {g) 19.1 amperes, the same as the conduc- 
tion current through the source of e.m.f. (Note. — Tables of capacities of 
parallel wires for various sizes of wires and various distances between their 
centers will be found in any electrical engineers handbook. Some of these 
tables give “capacity to neutral.” The capacity of the condenser formed 
by two wires is one-half the capacity to neutral. See the article on Capacity 
and Charging Current in Pender’s Handbook for Electrical Engineers . 

Problem 5. — A lead-covered cable is made of a No. 00 B. & S. wire sur- 
rounded by a layer of rubber 0.25 inch thick, which is in turn surrounded 
by a layer of gutta-percha 0.25 inch thick, the whole being encased in the 
lead sheath. The specific inductive capacity of the rubber is 2.2 and 
specific inductive capacity of the gutta-percha is 4.5. WQiat is the ratio 
of the potential drop through the rubber to that through the gutta-percha 
when a given difference of potential is established between the wire and the 
sheath? The resistance of each dielectric is to be considered infinite. The 
diameter of a No. 00 wire is 0.365 inch. 

Answer. — 3.87. 

153. Condensers in Series and in Parallel. — When two or more 
condensers are connected in series (Fig. 112), and equal and oppo- 
site charges q and q' are given the two outside plates of the series, 
charges equal in numerical value will be induced on each of the 
other plates, as indicated in the figure. Hence if the condensers 
have capacities C i, C 2 , Cs, etc., the total potential drop through 
all the condensers is 
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V = 

Ci Ij ts 



Hence the equivalent capacity of any number of condensers in 
series is C, where 


C. 


- = A _|_ A 

q Ci^C,^C, 


+ 


( 9 ) 


When the condensers are connected in parallel (Fig. 113), the 
drop of potential across each condenser is the same, and there- 



Fia. 112. — Condensers in series. 


fore the total positive charge given all the condensers (equal to 
the total negative charge) is 

q = (Ci + C 2 + Cs + )v 

Hence the equivalent capacity of any number of condensers in 
parallel is 

C„=?= C 1 + C a + C 3 + (10) 

Compare with resistances in series and parallel, Article 98. 



Fig. 113. — Condensers in parallel. 




Problem 6. — If there are available for a certain test three condensers whose 
capacities are 1, 2 and 3 microfarads respectively, what capacities can be ob- 
tained by suitably connecting one or more of these condensers? Indicate 
by a sketch the connections for each of these capacities. 

Answer— %i,%, % 1, 1 M, 1H, 1M, 2, 2K, 2%, 3, 3%, 4, 5, 6 micro- 

farads. 

Problem 7. — Three condensers, A, B, and C, the capacities of which are 
25, 20, and 15 microfarads respectively, are connected in series. The 
potential drop across B is 100 volts. 
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(a) What is the potential drop across A? ( b ) Across C? (c) What is 
the total potential drop across the three in series? (d) What is the charge 
on each condenser? (c) What is the capacity of the three condensers in 
series? 

Answer. — {a) 80 volts. ( b ) 133.3 volts, (c) 313.3 volts, (d) 0.002 
coulomb, (e) 6.38 microfarads. 

164. Measurement of Electrostatic Capacity and Dielectric 
Constant. — By definition (Article 151) the capacity of a condenser 
is the ratio of the charge on either plate to the potential difference 
between the two plates. Hence the capacity of a condenser may 
be determined by connecting it in series with a source of electro- 
motive force, ballistic galvanometer and switch, as indicated 
in Fig. 108. 

If the condenser is initially uncharged (as can be assured by 
connecting its two plates momentarily with a wire), the quantity 
of electricity which flows through the galvanometer G when the 
switch S is closed is numerically equal to the charge q given 
either plate. This quantity of electricity is approximately 
proportional to the first swing of the galvanometer (see 
Article 86). 

In order to determine the exact relation between the first 
swing of the galvanometer and the quantity of electricity dis- 
charged through it, it is necessary first to calibrate the galva^ 
nometer, either by means of a standard solenoid (see Article 110) 
or by using in place of the condenser C a standard condenser of 
known capacity. Any form of condenser whose capacity 
can be calculated (see Article 152), to sufficient degree of ac- 
curacy for the purpose in hand, may be used as such a primary 
standard of capacity. 

The potential difference between the plates of the condenser 
when charged may be measured by means of a voltmeter or 
potentiometer. The capacity is then found by taking the ratio 
of the quantity of electricity indicated by the galvanometer to 
the potential difference between the plates. 

There are other and more convenient methods of measuring 
the capacity of a condenser, in which an alternating potential 
difference is employed. See Article 176, and for further details 
any text-book on electric measurements. 

Since the capacity of a given condenser is directly proportional 
to the dielectric permeability of the dielectric between its plates, 
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the ratio of the capacity of a given condenser with a given dielec- 
tric between its plates, to its capacity when there is vacuum be- 
tween its plates, is equal to the specific inductive capacity of the 
given dielectric (see Article 139). 

Hence the name “ specific inductive capacity” for the ratio of 
the dielectric permeability of a dielectric to the dielectric per- 
meability of free space. 

Experiment shows that a given condenser with air between its 
plates has practically the same capacity when the air is exhausted, 
leaving a vacuum between the plates. Hence the dielectric con- 
stant of air is practically unity, and therefore air instead of a 
vacuum may be used as the dielectric of reference in determining 
the specific inductive capacity of any other substance. 

155. Electric Absorption and Dielectric Hysteresis. — Experi- 
ment shows that when a given difference of potential is estab- 
lished between the plates of a condenser which has a solid dielec- 
tric, the charge taken by the condenser depends upon the length 
of time this potential difference is maintained Again, when 
such a charged condenser is discharged, by connecting its plates 
momentarily with a conductor, and this connection is then broken, 
the plates at first appear to be entirely discharged, but after a 
few seconds a charge again appears on them, resulting in the re- 
establishment of a difference of potential (less than in the first 
case) between the plates. 

In short, a solid dielectric apparently absorbs a certain amount 
of charge which it gives up only after a considerable lapse of time. 
Hence the name “electric absorption” for this phenomenon. 
The charge which appears on the plates of the condenser after 
the first discharge is called the “residual” charge. The absorp- 
tion of a dielectric is apparently due to impurities in it, or to lack 
of homogeneity. It is greatest in substance like mica and glass; 
it is doubtful if absorption occurs at all in absolutely homo- 
geneous substances. 

A phenomenon closely associated with electric absorption is the 
fact that when the electric field in a heterogeneous dielectric is 
caused to vary rapidly, an amount of heat is dissipated in the 
dielectric greatly in excess of that which can be accounted for in 
terms of its leakage resistance as determined by direct-current 
measurements. For example, when the resistance of the dielectric 
of a condenser to a direct current is r ohms, a constant poten- 
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tial difference of V volts impressed across its terminals will 
V 

cause a current of I = — amperes to flow through the dielectric, 

7 * 

and heat will be developed in it at a rate of r/ 1 = — joules per 
second (or watts). This heat power may also be written gV\ 
where g = - is the conductance of the dielectric to a direct cur- 

T 

rent. This conductance is usually called the “ leakage ” conduc- 
tance of the condenser to a direct current, or its direct-current 
“leakance,” and the current I = gV is called the ‘‘leakage 
current” corresponding to the constant potential difference V. 

When an alternating potential difference of the same r.m.s. 
value (see Article 165) is established across the condenser, it is 
found that, when the dielectric of the condenser possesses the 
property of electric absorption, the heat energy dissipated in the 
condenser is greater than gV 2 , where g is its direct-current con- 
ductance. This increase in the heat energy may be due to an 
actual increase in the conductance of the dielectric with the speed 
of variation of the field, or may be due to a phenomenon anal- 
ogous to magnetic hysteresis, i.e. f to a lag of the electric flux 
density behind the electric intensity. Whatever may be the 
cause of this extra loss of power for rapidly varying fields, it is 
generally described as the loss due to “dielectric hysteresis.” 
The heat developed is in many cases quite appreciable. See 
the article on Condensers f Electric , in Pender's Handbook for 
Electrical Engineers. 

166. Charging Current and Leakage Current of a Condenser. 

— When a condenser is charged by connecting it to a source of 
electromotive force, the current i which flows up to the positive 
plate of the condenser, through the connecting wire, is equal to 
the rate i g at which electricity flows away from this plate through 

the dielectric, plus the rate ~ at which electricity accumulates 
on this plate, viz., 

i = i ° + dt OD 

The rate i g at which electricity flows away from the plate 
through the dielectric is called the “leakage” current through 
the dielectric, which in turn is equal to the product of the leakage 
conductance g by the drop of electric potential v through the 
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dielectric from the positive to the negative {date of the condenser, 
viz., 

i, = gv (12) 


The value of the leakage conductance g, in the case of a rapidly 
varying potential difference v, usually depends upon the rate of 
variation of this potential difference (see Article 155). 

That portion of the current in the connecting wires which is 
equal to rate at which electricity accumulates on the positive 
plate of the condenser, which in turn is equal to the rate at which 
positive electricity leaves (or negative electricity accumulates at) 
the negative plate, is called the “charging current” of the con- 
denser. That is, calling dq the increase in the value of the 
charge on the positive plate in time eft, the charging current of 
the condenser during this interval is 



(13) 


Since the charge on either plate of a condenser at any instant 
is numerically equal to the product of the capacity C of the con- 



denser by the potential difference v between its plates, the charg- 
ing current may also be written 

U = | (Cv) (13a) 

When the capacity of the condenser is a constant, as is usually 
the case in practice, unless the phenomenon of dielectric hystere- 
sis is pronounced, this relation may be written 

(136) 

The total current in the connecting wires is then, from equation 

(ID, 

i = gv + (14) 
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From this relation it follows, as may be readily seen by apply- 
ing KirchhofFs first law (Article 29) to the circuit represented 
in Fig. 114, that a leaky condenser of capacity C and leakage con- 
ductance g is equivalent to a condenser of capacity C, without 
leakage, in parallel with a non-inductive resistance whose con- 
ductance is g . 

Equation (14) should also be compared with equation (28a), 
Article 126, viz., 

v-«+L% (15) 


for the relation between the potential drop v through a coil whose 
resistance is r and whose self-inductance is L, when a varying 
current i is flowing through the coil. 



Note particularly that when the voltage across a condenser is 
constant , there is no charging current, just as when the current 
in a coil is not varying there is no back electromotive force 
of self-induction. When the voltage across a condenser is con- 
stant, the only flow of electricity to the plates is the leakage cur- 
rent which flows up to the positive plate, through the dielectric, 
and away from the negative plate. Similarly, when the current 
in a coil is constant, the only drop of potential through it is 
the drop due to its resistance. 

167. Charge and Discharge of a Condenser Through a Resist- 
ance. — Fig. 115 represents diagrammatically a condenser of 
capacity C and zero leakage conductance in series with a non- 
inductive resistance r, a battery whose electromotive force is 
E, and a switch S. The resistance r designates the total resist- 
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ance of the circuit external to the condenser. (The resistance 
of the dielectric of the condenser, on the assumption of no leak- 
age, is infinite.) The total self-inductance of the circuit is 
assumed to be negligible. 

Let the blade of the switch S be initially on the contact 2, 
thus short-circuiting the resistance and condenser, and insuring 
that the condenser is discharged. Now let the blade of switch 
be moved to contact 1, connecting the battery in circuit. A 
positive charge will immediately begin to flow from the negative 
to the positive plate of the condenser through the battery and 
resistance r (or a negative charge will flow in the opposite 
direction), the battery acting, so to speak, as a “pump” which 
forces the electricity from one plate to the other. 

As the charge on the condenser increases, the potential differ- 
ence between its plates increases, until this difference of potential 
is equal to the electromotive force of the battery, corresponding 
to a final value of the charge equal te the capacity of the con- 
denser multiplied by the battery electromotive force E , viz., to 
CE . At any instant t at which the charge on the condenser is 
less than this value, the potential drop through the condenser 
(from its positive to its negative plate) is 



where q is the charge on it at time t. 

This drop of potential through the condenser, plus the 
resistance drop in the external circuit, must at each instant 
be equal to the electromotive force of the battery. The current 
in the external circuit is equal to the charging current of the con- 
denser, and is, therefore, equal to the rate of increase of the charge 

dq 


on the positive plate, viz., to 
relation 


Hence at any instant t the 


•p Q i r ^9 

E ~ c + r di 


( 16 ) 


must hold. Compare with equation (28a), Article 126. 

This equation is solved in identically the same manner as 
equation (28a), Article 126, giving for q at any instant t after the 
condenser is connected to the battery the value 

q = CE( 1 -e~Tc) (17) 

4 
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The physical interpretation of this equation is that the charge 
on the condenser reaches its steady value Q = CE only after the 
time t measured from the instant that the electromotive force 
is impressed on the circuit has become sufficiently great to make 
£ 

the term c"rc sensibly equal to zero. When the resistance of the 
circuit through which the condenser is charged is only a few 

t_ 

ohms, and C is of the order of a microfarad , the term e“rc becomes 



Fig. 116. — Charge and discharge of a condenser through a resistance. 


practically zero for t equal to a small fraction of a second, and the 
condenser therefore becomes fully charged almost immediately 
after the circuit is closed. This is true only when the capacity 
is a constant, i.e.,when there is no electric absorption (see Article 
155). When the phenomenon of electric absorption is pro- 
nounced, the charge may continue to increase for several seconds 
or even minutes after the electromotive force is impressed. 

The time T = rC required for the charge on the condenser 
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to reach (1 — € -1 ), or 63.2 per cent., of its final value is called 
the time constant of the condenser and resistance. Compare 

with the time constant - of a coil whose self-inductance is L and 

T 

whose resistance is r. 

The relation between the charge on the condenser and time 
given by equation (17) may be represented graphically by plotting 
the charge q as ordinates against time t as abscissas, as shown by 
the curve A in Fig. 116. 

The current i through the battery and resistance r is the charg- 
ing current, and its value is therefore, from equation (17), 


i 


dq E t 
dt~ r* rC 


(18) 


The physical interpretation of this equation is that the value of 
the current in the circuit at the instant after the switch S is closed, 

E 

in order to charge the condenser, is equal to the steady current — 

which would flow in the circuit were the condenser not present, 
and that as time goes on this current falls off, at first rapidly, 
and then more slowly, ultimately becoming zero when the 
condenser is fully charged. This is shown by curve C in Fig. 
116. 

From equation (18) it would appear that, upon closing the 
switch S , the current jumps instantaneously from zero (no 

E 

current before switch is closed) to a finite value — . Actually, 

however, due to the inductance of the circuit, which can never 
be completely eliminated, the current rises continuously, although 
very rapidly, from zero to a maximum value (substantially equal 
E 

to — when the inductance is small), and then falls off as indi- 
cated by equation (18) and curve C. See the latter part of 
Article 158. 

When the charge on the condenser at time t = 0 has a value 
Qoy say, the solution of (16) is 

q = CE{ 1 - + Qot-Vc (19) 

Compare with equation (29a), Article 126. In particular, 
when a condenser on which the charge is Q 0 is short-circuited at a 
given instant (e.g. } by shifting the blade of the switch S in Fig. 
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115 from the contact 1 to the contact 2), the charge on the con- 
denser t seconds after this change is made will be 

q = Q&TrC (19a) 

and the current at this instant will be 

i = - ( 20 ) 

The minus sign in the last equation signifies that the direction 
of the current i is away from the positive plate. 

The variation of charge during the discharge of the condenser, 
as given by equation (19a), is shown graphically by curve B 
in Fig. 116. The current during discharge varies in exactly 
the same manner as during charge (curve C), except that it is 
in the opposite direction, z.e., through the resistance in the 
direction from the positive to the negative plate of the condenser. 

Problem 8. — An electromotive force of 250 volts is impressed upon a cir- 
cuit formed by a non-inductive resistance of 1000 ohms in series with a con- 
denser of 50 microfarads. Plot to scale the charge on the condenser and 
the current in the resistance during the first fifth of a second after the elec- 
tromotive force is impressed. Make calculations for t = 0.01, 0.03, 0.05, 
0.1, 0.15 and 0.2. 

Answer. — (a) One point on curve: t = 0.1, q = 0.0108 coulomb, i = 
0.0338 ampere. 

Problem 9. — A condenser whose capacity is 50 microfarads is charged to 
a certain voltage and the source of electromotive force is removed. The 
insulation resistance of the condenser is 1 megohm. 

(a) How long will it take for the voltage across the condenser to fall to 
one- half its initial value? (Take note of Fig. 114.) (5) If the condenser 

has a capacity of only 1 microfarad and the same insulation resistance (1 
megohm), how long will this time be? (c) What insulation resistance 
must a 1-microfarad condenser have in order that the charge on it will not 
decrease by more than 5 per cent, during the first minute after being dis- 
connected from the source which charges it. 

Answer . — (a) 34.7 seconds. (6) 0.69 second, (c) 1180 megohms. 

158. Discharge of a Condenser Through an Inductance. — 

When a condenser is allowed to discharge through a coil which 
has an appreciable inductance L and a low resistance, the varia- 
tion of the charge on the condenser and the current in the coil 
is entirely different from that which takes place when the 
condenser discharges through a non-inductive resistance. Both 
the charges on the plates and the current in the coil oscillate , 
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passing repeatedly through zero values and reversing in sign or 
direction, as may be readily seen by considering the conditions 
which must be satisfied in such a circuit at each instant. 

In any practical case the oscillations are gradually damped 
out, due to the dissipation of energy as heat in the conductor 
which forms the coil and in the dielectric of the condenser, 
in exactly the same manner as the oscillations of a pendulum 
are damped out by friction. The analysis of the phenomena 
which take place is relatively simple when the resistance and 
leakance are assumed to be zero, and this ideal case will there- 
fore be considered first. 

Let v be the potential drop through the condenser at any 
instant, from the plate a to the plate 6, as indicated in Fig. 117, 


c 



and let i be the current in the coil at this instant, in the direction 
indicated in the figure. Let t designate time in seconds. The 
back electromotive force of self-induction in the coil at this 
di 

instant is then L Assuming the resistance of the coil to be zero, 

there will be no resistance drop through the coil, and therefore the 
resultant drop of potential through the coil in the direction of the 
current i, namely, around the circuit from the plate b to the plate 
di 

a, is L The drop of potential through the coil in the opposite 

direction, namely, from the plate a to the plate b is therefore 
di 

— L Since the drop of potential from one point to another can 

have at a given instant but a single value, it follows that at 
di 

every instant — L ^ must be equal to the drop of potential v 
through the condenser, from the a plate to the b plate, viz., 
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v = 



( 21 ) 


Assuming the dielectric of the condenser to be a perfect in- 
sulator, and therefore no leakage current, the current i in the 

do 

coil is equal to the charging current ^ of the condenser, and the 


charge q on the a plate of the condenser at each instant is q = 
Cv. Whence 


i 



(21a) 


This substituted in equation (21) gives 

d*v 1_ 

df* ~ LC V 


(216) 


as a relation which must be satisfied at each instant by the poten- 
tial difference between the plates of the condenser. 

The only relation between voltage and time which at every 
instant will satisfy this condition is 

v = A sin 

where A and 6 are both constants. That equation (22) does satisfy 
the condition expressed by equation (216) may be readily seen by 
differentiating (22) twice and substituting in (216). 

The value of the current i corresponding to the value of v 
given by equation (22) is found by substituting this value of v 
in (21a), which gives 

‘-ylz* em {va + ‘) (22a) 

The values of the constants A and 0 depend upon the values 
of the voltage v and current i at the instant of time taken as zero 
time. Consider first the case when at time t = 0 the voltage 
across the condenser has the value V , and the current in the coil is 
zero. These values substituted in equations (22) and (22a) give . 

TT 

for A and 6 the values A = V, and 0 = 2* At any instant t 

seconds after the instant at which v = V and i = 0, the voltage 
v and current i then have the values 

, ’“ ircos (vfe) (23) 

* m - & “‘km) (23 °> 


Vlc + > ) 


( 22 ) 
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In these expressions the quantity is in radians, not degrees. 

The corresponding angle in degrees is 

57.3< 

Vlc 

The significance of equations (23) and (23a) may best be seen 
by plotting these relations against time as abscissas, as shown in 
Fig. 118. The resulting curves are both “sine waves,” reaching 
their maximum values and passing through their zero values at 
different times. The interval between the maximum value of 

7T 

v and the nearest maximum value of i is ^ radians (or 90 degrees), 



Fig. 118. — Discharge of a capacity through an inductance. 


corresponding to a time interval of ^ y/LC . This relationship is 
conveniently described by saying that the voltage and current 

7 r 

differ in “phase” by ^ radians, or 90 degrees (see Article 166). 

As shown by the curves, both the current and voltage pass 
through a complete cycle of values (positive and negative) 

T 

in an interval of time T determined by the relation = 27r. 

This time interval T , namely,* the time required for either the 
current or the voltage to pass through a complete cycle of values, 
is called the “natural period” of the circuit formed by the coil 
and condenser. This period is called the natural period of the 
circuit, since it is the period of the electric oscillations in it when 
the source which starts the oscillations (e.gr., the battery which 
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charges the condenser) is removed from the circuit. The natural 
period of a circuit formed by a condenser having zero leakage 
conductance and a coil of zero resistance is therefore 

T = 2tc y/LC seconds (24) 

where L is the self-inductance of the coil and C is the capacity 
of the condenser. In this formula both L and C must be ex- 
pressed in the same system of units. 

The number of times per second that an oscillation passes 
through a complete cycle of values is called the “ frequency ” 
of the oscillation. The natural frequency of a circuit formed by a 
coil and a condenser whose resistance and leakance are respec- 
tively zero is therefore 

f = 2t \/LC cycles per second (24a) 

Equations (23) and (23a) were deduced from the general 
relations expressed by (22) and (22a) on the assumption that at 


L 



time t = 0 the voltage across the condenser is V and the current 
in the coil zero. Another case which is frequently realized in 
practice, at least to a first approximation, is when the current 
in the coil initially has a value I, say, and the voltage across the 
condenser is zero. This condition is approximately realized in 
the case of a transmission line which is suddenly short-circuited 
at the load end, and open-circuited (by the opening of a circuit 
breaker) at the generator end (sefc Fig. 119). As a first approxi- 
mation the condenser formed by the line wires may be considered 
equivalent to a concentrated, or “ lumped,” capacity C at the 
sending end, as shown in Fig. 119. 

Let I be the current in the line at the instant the circuit 
breaker opens. As a first approximation, the voltage across 
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the condenser may be assumed zero at this instant. Sub- 
stituting v = 0 and i = I corresponding to t = 0 in equations 

rr 

(22) and (22a), there results A = I ^^and 6 = 0. Whence, for 
these conditions (22) and (22a) become 



For example, consider the case of a line formed by two No. 
0000 A. W. G. stranded copper wires, each 50 miles long, and 
spaced 6 feet between centers. The self-inductance of the loop 
formed by the two wires is then 0.193 henry, and the capacity 
of the condenser formed by the two wires is 0.40 X 10~ 6 farads. 
Let the current in the line, at the instant the circuit breaker 
opens, be 500 amperes. The natural frequency of the short-cir- 
cuited line (under the assumptions above stated) is then 

! " Wo.mxMxTo^ = 573 cyclea per “ co ” d 

The maximum value of the current in the line will be 500 
amperes, the initial value. The voltage between wires, however, 
will rise far above the normal voltage of the system, reaching 
a maximum value 

Hence, under the assumptions above made, the sudden open- 
ing of a current of 500 amperes in the given transmission line 
will set up an oscillation of current and voltage, each having a 
natural frequency of 573 cycles per second. The current will 
never be greater than the initial current, but the voltage between 
wires will oscillate between positive and negative maximum 
values equal to the relatively enormous value of 348,000 volts. 

Actually, before the voltage reaches its first maximum value, 
one or more of the line insulators would be punctured, unless 
the line is equipped with “ lightning arresters,” in which case 
the discharge will be shunted through the arrester. The sim- 
plest form of such a device consists of a series of spark gaps 
shunted across the line. These gaps are adjusted so that they 


Digitized by v^ooQle 



58 ELECTRICITY AND MAGNETISM FOR ENGINEERS 


will break down when the voltage between wires reaches a 
predetermined value, thus relieving the strain on the insulators. 
It is of interest to note that the protection of a line against light- 
ning discharges is only one of the functions of a lightning arrester; 
such a device is likewise necessary to protect the line (and the 
apparatus connected therewith) against the abnormal voltage 
which may be produced when heavy loads are switched on or off 
the line. 


As noted above, the relations deduced in this article are only 
approximately true for a transmission line. This is due to the 
fact that the capacity and inductance of the line are not “lumped,” 
but distributed throughout its length. In particular, a trans- 
mission line has not only a fundamental natural frequency, but 
may also oscillate at higher frequencies which are multiples of 
the fundamental frequency. The exact formula for the natural 
fundamental frequency of a line short circuited at one end and 
open at the other is 


/ 


1 

4 VLC 


(26) 


where L and C are the total inductance and capacity of the line. 
The fundamental natural frequency of the transmission line 
considered above is therefore 899 instead of 573 cycles per second. 
See the article on Transmission Lines in Pender’s Handbook for 
EUdrical Engineers. 

A consideration of the energy relations involved in the electric 
oscillations here considered is extremely helpful in getting a 
physical conception of what takes place. Neglecting the dissi- 
pation of heat in the conductors and dielectric, the total energy of 
the system formed by the coil and condenser must remain 
constant , since no energy enters or leaves the system. When 
there is no voltage between the plates of the condenser, all the 
energy of the system is in the magnetic field produced by the 
current, and is equal to ^ LI 2 , where I is the value of the current 
when the voltage across' the condenser is zero. As shown by the 
equations and curves, this is also maximum value of the current. 

When the current becomes zero, the voltage across the conden- 
ser reaches its maximum value V, and the energy of the magnetic 
field disappears as magnetic energy. This energy, however, is 
not “lost,” but, from the principle of the conservation of energy, 
must be transferred to the condenser. In fact, as will be shown 
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in Article 159, an electric field in a dielectric represents a definite 
amount of stored energy, just as a magnetic field represents a 
definite amount of stored energy. In the particular case of a 
condenser of capacity C charged to a voltage V, this stored energy 
is % CV 2 . Hence the relation between the maximum value of 
the current I in the coil and maximum value of the voltage V 
across the condenser must be such that 


or 



This relation is identical with that given by equation (25) for the 


maximum value of V l corresponding to 


_A_ _ 
Vlc 2/ 


The surging back and forth of the energy of the system formed 
by a coil and condenser is exactly analogous to the transformation 
of kinetic into potential energy, and vice versa , in a mechanical 
oscillating system formed by a weight hung from a spiral spring. 
See Problem 14, Article 18. 

The relations thus far developed in this article are all deduced 
on the assumption that the resistance of the conductor which 
forms the coil and the leakage conductance of the dielectric are 
both zero. Actually, however, the resistance of the coil is 
always appreciable, and the leakance of the condenser, though 
usually negligible, is also appreciable in some instances. For the 
complete solution of the circuit consisting of a coil of resistance 
r and inductance L in series with a condenser of capacity C and 
leakance g see the article on Transient Electric Phenomena in 
Pender’s Handbook for Electrical Engineers . 

As shown in the article just referred to, when the resistance r 
and leakance g are appreciable, the frequency of the natural 
oscillation of the circuit formed by a coil and condenser is 



This reduces to equation (24a) when r and g are both zero. 
When the term in the square brackets is greater than the 
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natural frequency of the circuit becomes imaginary, i.e ., there 
is no oscillation of current and voltage. Neglecting the leakance 
g f this relation is equivalent to the condition that 

r* > ^ (28) 


In other words, when the resistance of the coil is greater than 
, and the leakance of the condenser is negligible, there is no 
oscillation. 

For the special case of a condenser of capacity C and leakance 
g t charged to a potential V 0 , and then allowed to discharge through 
a coil of inductance L and resistance r, the value of v and i at 
any time t seconds after the oscillation begins are 



v = Voe~ ut (cos c o 0 t + — sin Uot) 

(29) 

\ 03 o r 

v 

i = — —y e~ ut sin c o Q t 

0 )oL 

(29a) 


(See equations (12) in the article in the Handbook Just referred to.) 
The constant u in these equations, which constant may be called 
the “ damping constant,” or “ attenuation constant,” has the 
value 


“ - l(z + g c) < 30 > 


The constant q f which may be called the “distortion constant,” 
has the value 


» - li[ - c) (3(to > 


The constant o> 0 , which may be called the “natural frequency 
constant,” has the value 

«. = yjzc ~ «* ( 30 *>) 

The natural frequency is then 

/• = £ (30c) 


Equations (29) and (29a) are applicable only when the dis- 
tortion constant q is less than — 7=-, for when q > — 7 —= the fre- 

Vlc Vlc 
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quency constant co 0 becomes imaginary. Under these conditions, 
namely; when 

q >-±= 

Vlc 

the values of v and i are given by the following relations, viz., 
v = V 0 t~ ut (cosh u't + sinh w'tj (31) 



Fig. 120. — Discharge of a condenser through a coil. 


and “cosh” and “sinh” stand respectively for the hyperbolic 
cosine and hyperbolic sine. The values of u and q are given by 
equations (30) and (30a). 

The oscillation of the voltage and current represented by 
equations (29) and (29a) is shown graphically in Fig. 120 The 
variation with time in the voltage and current represented by 
equations (31) and (31a) is shown graphically in Fig. 121. 
These curves show clearly the damping effect of the dissipation 
of energy in the conductors in the circuit and in the dielectric 
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of the condenser. Note that when the distortion constant q = 

^ (z ”” c) ^ S rea ^ er than there is no oscillation either of 

the voltage or current. The voltage falls to zero without revers- 
ing in sign, and the current rises to a maximum value and then 
falls off to zero also without reversing in direction. 


Problem 10. — What must be the self-inductance of a coil which, when con- 
nected in series with a condenser of 50 microfarads, will have a natural 
frequency of 60 cycles per second? Neglect the resistance of the coil and 
the conductance of the condenser. 


Answer. — 0.141 henry. 



Problem 11. — The coil in Problem 10 has a resistance of 5 ohms. The 
insulation resistance of the condenser is 100,000 ohms. Using the exact 
relations, equations (29) to (30c), calculate: 

(a) The attenuation constant of the circuit. ( b ) The distortion constant, 
(c) The frequency constant. ( d ) The natural frequency, (e) If the con- 
denser is charged to 1000 volts just before it is connected to the coil, plot 
to scale for 3 complete cycles the instantaneous values of the voltage and 
current. 

Answer. — (a) u = 17.9. (6) q = 17.7. (c) co 0 = 377. ( d ) 60 cycles per 

second, (e) One point on curve: t = v = 43.6 volts, i = 17.5 amperes. 

169. Electrostatic Energy. — As noted in the previous article, 
an electric field in a dielectric represents a definite amount of 
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stored energy, just as a magnetic field represents a definite amount 
of stored energy. Since an electric field in a dielectric may be 
due entirely to electricity at rest, the stored energy of an electric 
field is usually called “electrostatic ” energy. It is analogous 
in many respects to the potential energy stored in a stretched 
spring (see Problem 14, p. 25), whereas, as noted in Article 124, 
magnetic energy (i.e., the stored energy of a magnetic field) is 
analogous to kinetic energy. 

An expression for the amount of electrostatic energy stored in a 
condenser of constant capacity C when charged to a given poten- 
tial difference may readily be deduced. Imagine the condenser, 
initially uncharged, to be connected to any source of electromo- 
tive force, such as a battery (see Fig. 115). Let v be the potential 
drop through the condenser, at any instant, from its positive to its 
negative plate. The charging current at this instant will then 
be 




The electric power input to that portion of the electric circuit 
included between the two plates of the condenser, viz., to the 
dielectric between these plates, is then 

. ^ dv 

p “ vt = Cv di 

The energy input to the dielectric in time dt is then 
dW = pdt = Cvdv 

Whence the total energy input to the condenser when the 
potential difference between its plates increases from zero to any 
value v is the integral of this expression between the limits 0 and 
v t viz., 

W = 2 Ct>* 


This expression is deduced on the assumption that the dielectric 
of the condenser is a perfect insulator, and therefore that there 
is no dissipation of energy within it as heat. The energy trans- 
ferred to the dielectric must therefore be stored in it. Whence the 
electrostatic energy of a condenser of capacity C charged to a 
potential difference v is 

Electrostatic energy = ^ Cv 1 (33) 
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Compare with the expression for the magnetic energy of a coil 
of inductance L carrying a current t, viz., 

Magnetic energy = ^ Li 2 

(See Article 124.) 

When a condenser has a leakage conductance g the total 
current flowing up to its positive plate and away from its negative 

plate during charge is i =gv + C Whence the total power 

input to the condenser at any instant is 

p = vi = gv 1 + Cv ^ 

The energy input to the condenser during the interval of time, 
say t, required to charge it to the potential difference v is then 

w = f o gv'dt + ^ Cv* (34) 

The first term in this expression represents the energy which is 
dissipated as heat in the dielectric of the condenser. The second 
term, which is the same as the value of W given by equation (33), 
is as before the electrostatic energy which is stored in the 
condenser. 

The energy which is stored in the dielectric of a condenser 
comes from the source of electromotive force which charges it. 
When the plates of a charged condenser are connected by a 
conductor, the discharge of the condenser is due to the transfer 
of its electrostatic energy to the wire, where it is dissipated as 
heat or converted into some other form. When the conductor is 
a coil of appreciable inductance, some of this energy is converted 
into magnetic energy. When the resistance of the conductor 
is less than a certain critical value, a surging back and forth of the 
energy of the system between the condenser and coil will take 
place, as shown in the preceding article. 

Since a charged condenser is a source of electric energy, i.e., 
can absorb and give out electric energy, it must be considered as 
a source of electromotive force (see Article 38). Since it absorbs 
electric energy when it is being charged, i.e., when the current 
flows toward its positive plate, the direction of its electromotive 
force is such as to oppose this current. When a condenser is 
discharging it gives out electric energy, and its electromotive force 
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is therefore in the direction of the current which flows from its 
positive plate. The numerical value of this electromotive force 
in either case is equal to the potential difference v between the 
plates. In short, the electromotive force of a condenser is always 
numerically equal to the potential difference between its plates, 
and acts around the circuit in which the condenser is connected 
in the direction through the condenser from its negative to its 
positive plate. Compare with the electromotive force of a 
storage battery. 

Since the numerical value of the charge on either plate of a 
condenser of capacity C charged to a potential difference v is 
q = Cv y equation (33) for the electrostatic energy of a stored 
energy in the dielectric of a condenser may also be written. 

<»> 


It can also be shown, by the same method of analysis as employed 
in Article 116, that the electrostatic energy per unit volume of a 
dielectric whose dielectric permeability is constant and equal is k f 
is 


JcF* = D* = FD 
Snr 87 rk 87 r 


(36) 


where F and D are the electric intensity and electric flux density 
respectively in the given volume. 

It is important to note that in applying the above formulas all 
quantities must be expressed in the same system of units. 

Problem 12. — Referring to Problem 3, Article 152, the 1-farad condenser 
there described as made up of tin foil plates 5 mils thick, and paper 10 mils 
thick will stand a difference of potential of 2000 volts. (The dielectric 
strength of treated paper is about 250 volts per mil of thickness.) Such a 
condenser, allowing for the fact that the dielectric sheets must be of greater 
area than the conducting plates, will have a volume of about 160,000 cubic 
feet. 

(a) How many foot-pounds of energy will be stored in this condenser 
when charged to 2000 volts? (6) To what speed could this energy accelerate 
a mass weighing 100 pounds, assuming no loss due to friction? (c) A fly- 
wheel weighing 1 ton has a diameter of 6 feet. Its radius of gyration is 2.5 
feet. At what speed must it be driven in order to have stored in it this same 
amount of kinetic energy? (d) What will be the foot-pounds of energy 
per cubic foot stored in the condenser? (e) If the voltage impressed on 
this condenser is a sine-wave voltage having a maximum value of 2000 volts 
and a frequency of 60 cycles per second, namely, v = 2000 sin (3770, where 
377 1 is in radians, what will be the maximum value of the charging current 
5 
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taken by this condenser? (/) What would be the volume of a condenser 
of this same type sufficient to take a maximum charging current of 1000 
amperes? (g) What would be its electrostatic capacity? (A) What would 
be its linear dimensions if made in the form of a cube? (t) What will be 
the maximum rate at which energy is stored in this smaller condenser, i.«., 
the maximum power input? (j) How many times per second will the con- 
denser be charged and discharged? 

Answer . — (a) 1,475,000 foot-pounds. (5) 075 feet per second, (c) 834 
revolutions per minute, (d) 9.22 foot-pounds per cubic foot, (e) 754,000 
amperes. (J) 212 cubic feet, (g) 1330 microfarads. (A) 5.96 feet on each 
edge, (i) 1000 kilowatts, (j) 120 times per second. 

Problem 13. — Two parallel metal plates each 1 foot square are H inch 
apart, and are separated by air. A difference of potential of 1200 volts is 
established between the two plates, and the source of this potential differ- 
ence is then disconnected. The insulation resistance between the two plates 
is to be assumed infinite, and the lines of electric force between them are to 
be assumed perpendicular to their surfaces and uniformly distributed. 

(a) What is the value of the charge acquired by each plate? (5) How 
much energy is stored in the electric field between the plates? (c) Will the 
charge on each plate change in amount if the plates are moved with respect 
to each other, remaining perfectly insulated? (d) Will the difference of 
potential between the plates change when they are moved with respect to 
each other, and if so, by how much? (e) Will the energy of the electric 
field increase or decrease if the distance between the plates is increased, and 
where does this energy come from? (J) By how much will the difference 
of potential between the plates and the energy of the electric field change if 
the distance between the plates is doubled? {g ) What is the value of the 
force required to separate the plates, i.e., what is the force exerted by one 
plate on the other due to the charges on them? (A) If, when the plates 
are in their original position, a plate of glass 1 foot square and % inch thick 
is inserted between and parallel to them, without touching either, will the 
force exerted on either plate be altered? (i) By how much will the potential 
difference between the plates and the energy of the electric field be changed 
by inserting the glass? (The specific inductive capacity of the glass is 7.) 
(j) If the plate of glass is held so that a part of it projects outside the space 
between the metal plates, will there be a force exerted on the glass, and if so, 
what will be the direction of this force? 

Answer. — (a) 466 statcoulombs. (6) 933 ergs, (c) No. (d) Yes, since 
the charge remains constant, whereas the capacity of the condenser decreases. 
When one plate is moved a distance x parallel to the direction of the lines 
of force, the number and distribution of the lines of force will not change 
(provided x is small compared with the diameter of the plates). Hence the 
electric intensity F will not change, and therefore the increase in the poten- 
tial difference between the plates is proportional to the displacement x. (e) 
The electrostatic energy increases with an increase in the distance apart of 
the plates, for the charges remain constant, whereas the capacity of the 
condenser decreases. This increase in energy results from the mechanical 
work done by the agent which moves the plate. (/) The potential differ- 
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ence is doubled and the electrostatic energy is doubled, (g) 1470 dynes 
or 0.053 ounce. ( h ) No. (i) The potential difference will be decreased 
by 514 volts and the electrostatic energy will be decreased by 390 ergs, (j) 
There will be a force tending to pull the glass into the space between the 
plates. The force is therefore in such a direction as to produce a motion 
which will decrease the electrostatic energy of the electric field. (Note an im- 
portant similarity between electrostatic and magnetic energy, viz., the force 
exerted on a dielectric by an electric field tends to move the dielectric into 
such a position as will increase the electric flux through it, just the force 
exerted on a magnetic substance in a magnetic field tends to move this sub- 
stance into such a position as will increase the magnetic flux through it.) 

160. Forces Exerted by Charged Bodies on One Another. — 

Experiment shows that every charged body in an electric field is 
acted upon by a mechanical force, due to the agent which 
produces this field. In particular, every charged conductor 
exerts a mechanical force on every other charged conductor in its 
vicinity, as illustrated in Problem 13 of the last article. Mechan- 
ical forces are also in general exerted by an electric field on any 
dielectric in it when this dielectric has a specific inductive capac- 
ity different from that of the surrounding medium, as illustrated 
in the last problem by the force tending to pull the plate of glass 
into the field between the charged plates of the condenser. 

The value of mechanical force exerted by an electric field 
(strictly, by the charges which produce this field) on a conductor 
or dielectric may always be deduced from the general principle 
that the component of this force in any direction is equal to the 
decrease in the electrostatic energy of the field per unit dis- 
placement of the given body in this direction, when all the real 
charges in the field remaining constant in amount and distribu- 
tion. This fundamental law is identical with the corresponding 
law for the mechanical force exerted by a magnetic field (see 
Article 129), except that the positive sense of the mechanical 
force due to a magnetic field is in the direction of a displacement 
corresponding to an increase of magnetic energy (when all the 
currents in the field remain unaltered), whereas the positive 
sense of the mechanical force due to an electric field is in the 
direction of a displacement corresponding to a decrease of elec- 
trostatic energy (when all the real charges in the field remain 
unaltered). 

The principle just stated may be expressed mathematically as 
follows: Let W be the electrostatic energy of the given electric 
field, and let dW be the increase in this energy when a given body 
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(conductor or dielectric) in this field is moved a distance dx in a 
given direction, all the charges in the field remaining constant 
in amount and distribution. Then the component, in the direc- 
tion of dx, of the force exerted on the given body by all the other 
charged bodies in the field is 


n = - 


dW 

dx 


(37) 


This general principle applied to the special case of an electric 
field due to equally and oppositely charged conductors gives a 
relatively simple expression for the mutual mechanical force 
exerted by these conductors on each other. Two such conduc- 
tors, irrespective of their size, shape or relative position, 
form a condenser; let C be the capacity of this condenser in 
c.g.s. electrostatic units. Let Q be the numerical value of the 
charge on each of these conductors, in c.g.s. electrostatic units. 
From equation (35), the electrostatic energy of the electric 
field due to the charges on the two conductors is then 

1 O 2 

W = 2 % CTgS 


Let one of these conductors be given a linear displacement of 
dx centimeters in any direction. The corresponding decrease in 
the electrostatic energy W, per unit displacement of the given con- 
ductor in this direction, is then 


dW = __ Q 2 d /1\ 

dx 2 dx'C/ 


ergs per centimeter 


Hence the component, in the direction of dx, of the force exerted 
by one conductor on the other, due to the charges Q and — Q 
on them, is 


dynes (38) 


This relation may also be written 

f = 1 Q 2 dC = V^dC 

* 2 C 2 dx 2 dx 


dynes 


(38a) 


where V is the potential difference between the two conductors. 

Since the capacity of a condenser decreases as the distance 
between its plates increases, this force has a positive value in the 
direction corresponding to a motion of one conductor toward 
another. This means that the force between two oppositely 
charged conductors is a force of attraction, which is in accord 
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with the elementary experimental fact that bodies charged with 
electricity of opposite signs attract each other; whereas bodies 
charged with electricity of like sign repel each other. 

The formula usually given in elementary text-books for the 
mechanical force exerted by one charged body on another is 

/ = ||i dynes (39) 

where q and q r are the charges on the two bodies in statcoulombs, 
k is the specific inductive capacity of the surrounding medium, 
and r is the distance between the two bodies in centimeters. 
This formula, however, is applicable only (1) when the two bodies 
are relatively small compared to their distance apart, and (2) 
when the surrounding space has in it no dielectric bodies whose 
specific inductive capacity is different from that of the medium 
in contact with the charged bodies. This relation is entirely 
consistent, under the conditions just specified, with the general 
principle above stated. However, equation (39) is of little value 
for practical calculations, since the first of the two conditions is 
practically never satisfied, and the second condition is also 
frequently not fulfilled. Compare with the corresponding expres- 
sion for the mechanical force between magnetic poles, Article 
134. 

The practical case of most frequent occurrence is that of two 
equally and oppositely charged conductors, to which case equation 
(38) is always applicable, irrespective of the shape, size or relative 
position of the two conductors, and also irrespective of the 
uniformity of the dielectric between them. The effect of the 
shape, size and relative position of the two conductors, and the 
nature of the dielectric, are all taken into account in the expres- 
sion for the capacity C . 

Problem 14. — From equation (7) the electrostatic capacity per centimeter 
length of a two-wire transmission line is, in c.g.s. electrostatic units, 

C = - *— 

>.1 D 

4 loge - 

where K is the specific inductive capacity of the surrounding medium, D is 
the distance between the axes of the two wires and r is the radius of each 
wire. Prove that the force of attraction between the two wires, due to 
the charges of on them of q and —q coulombs per foot, is 

f, = 5.21 X 10“ ^ pounds (39) 
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where l is the length of each wire in feet, and D is the distance between the 
centers of the two wires in inches. Compare with equation (5), in Problem 
2, Article 130. 

Problem 15 . — A certain overhead, two-wire transmission line consists of 
stranded aluminum wires having a cross-section of 500,000 circular mils, and 
spaced 36 inches between centers. The difference of potential between the 
two wires is 30,000 volts, and the current in each wire is 200 amperes. The 
wires are supported on insulators spaced 100 feet apart. 

(a) What is the force exerted on each insulator due to the current in the 
wires? (6) What is the charge per foot on each wire? (c) What is the 
force exerted on each insulator due to the charges on the two wires? (d) 
What is the resultant force on each insulator due to the combined effect of 
the current and charges? 

Answer . — (a) Repulsion of 0.06 pound = 0.96 ounce. (6) 5.67 X 10“* 
coulombs per foot, (c) Attraction of 0.00466 pound = 0.0746 ounce = 
31.6 grains, (d) Repulsion of 0.89 ounce. (Note. — The relative values 
here found for the repulsion between two wires due to the current in them 
and the attraction due to the charges on them are typical of the usual con- 
ditions which arise in practice, i.e., the mechanical forces due to magnetic 
effects are much larger than those due to electrostatic effects.) 


161. Parallel-plate Electrometer. Electrostatic Voltmeter. — 
The attraction between two conductors when a difference of 
electric potential is established between is utilized, in certain 



types of measuring instruments, for determining the value of the 
potential difference impressed. Such instruments are called 
“ electrostatic voltmeters.” The simplest form of electrostatic 
voltmeter consists of two parallel plates, mounted in horizontal 
planes, with the upper plate hung from the arm of a balance, 
as indicated in Fig. 122. This type of electrostatic voltmeter is 
called a “ parallel-plate electrometer.” 

The upper plate usually consists of a disc surrounded by a flat 
ring, called a “guard ring,” separated from the disc by a narrow 
air-gap, but connected to it electrically by a fine wire. The 
guard ring is fixed relative to the lower plate, and is insulated 
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from it. Only the disc is supported from the arm of the balance 
and is free to move. The object of the guard ring is to insure 
a uniform distribution of the charge on the movable disc, so that 
the lines of force which leave it are uniformly distributed in the 
air space between the plates. 

Let V be the difference of potential established between 
the plates, in c.g.s. electrostatic units; let x be the distance 
between the disc and the lower plate, in centimeters; let S be 
the area of the disc in centimeters; and let / be the force, in dynes, 
exerted on the disc by the lower plate, when the planes of the 
under surfaces of the disc and guard ring coincide. The electric 
intensity in the air between the disc and lower plate is then 



The volume of the air space between the disc and lower plate is 
Sx. Hence, from equation (36), the electrostatic energy in this 
space is 


W = 


V 2 
87 rx 2 


X (Sx) = 


V 2 S 

Sttx 


Consequently, from equation (37), the force exerted by the lower 
plate on the disc is 

f= V 2 S 
1 torx 2 


Whence the value of the potential difference between the plates is 
V = x statvolts (40) 

Consequently, by measuring the distance x between the plates, 
the area S of the movable disc, and the force /, the value of the 
potential difference V may be found directly in c.g.s. electro- 
static units. For this reason, this type of electrometer is some- 
times called an “absolute” electrometer. 

For a description and theory of other types of electrostatic 
voltmeters see any text-book on electrical measurements. 

Problem 16. — A source of high, constant voltage is connected to the 
plates of a parallel plate electrometer, and it is found that 5 grams is neces- 
sary to balance the pull on the disc when the plates are 1 centimeter apart. 
The diameter of the movable disc is 25 centimeters. What is the value of 
the impressed voltage? 

Answer . — 15.8 statvolts = 4740 volts. 
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SINE-WAVE ALTERNATING CURRENTS 

162 . Introduction. — As shown in Article 128, an alternating 
electromotive force, i.e. f an electromotive force which passes over 
and over again through a complete cycle of positive and nega- 
tive values, may be produced by revolving a coil in a constant 
magnetic field. A simple form of generator for producing an 
alternating electromotive force is illustrated in Fig. 93. As al- 
ready noted in Article 123, a generator which produces an 
alternating electromotive force is called an alternating-current 
generator, or, more briefly, an alternator. 

When an alternating electromotive force is impressed across 
the terminals of an electric circuit of any kind, an alternating cur- 
rent of the same frequency is established in this circuit. 1 When 
the strength of the current at any instant in the given circuit is 
i, and the potential drop through this circuit in the direction 
of the current is v , the input of electric energy to the circuit in an 
infinitesimal interval of time dt measured from this instant is 
equal to vidt. The rate at which energy is transferred to this 
circuit at this instant, or the instantaneous power input , is p = vi. 

Although the average values of an alternating current and an 
alternating voltage over a complete period are both zero, the 
average value of the power input (or output, when the potential 
drop is in the opposite direction to the current) is not zero , except 
in certain special cases (see Article 167). Hence an alternating 
current may be used to transmit electric energy, just as a direct 
current is used for this purpose. 

The chief advantages of alternating over direct current are the 
following: 

1 The current established for the first second or two after the alternating 
electromotive force is impressed is not strictly an alternating current, since 
its amplitude builds up gradually to a constant maximum, just as the value 
of the current established in a circuit by a continuous electromotive force 
builds up gradually from zero to a constant maximum, depending upon the 
resistance, inductance and capacity. See the article on Transient Electric 
Phenomena in Pender's Handbook for Electrical Engineers . 
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1. Alternating-current generators are much less expensive 
for the same power output, since only slip rings, instead of an 
elaborate commutator, are required for making connection to 
the external circuit. 

2. Certain forms of alternating-current motors, particularly 
the induction motor, are cheaper to build and require less care 
in operation than a direct-current motor of the same power 
output. 

3. The greatest advantage of alternating currents is that, 
by means of a transformer (see Article 127), power may be 
readily transferred from a circuit in which the current is small 
and the voltage high to a circuit in which the voltage is low and 
the current large. Since the power lost in a transmission line 
depends upon the square of the current, it is obvious that for 
economical transmission the current should be kept small, and 
therefore the voltage high. On the other hand, a high voltage 
is dangerous, particularly inside of buildings. Hence electric 
power is usually generated by an alternator of comparatively low 
voltage, “ stepped up” by means of a transformer to a high volt- 
age for transmission, and then “ stepped down” by means of 
another transformer to a comparatively low voltage for local 
distribution and use. 

In the discussion of the generation, transmission and utiliza- 
tion of alternating-current power various terms, in addition to 
those already defined in the previous chapters of this book, are 
commonly employed. The fundamental principles involved, 
however, are simply those which have already been discussed. 
The “ theory” of alternating currents is nothing more than the 
application of these general principles to electromotive forces 
and currents which vary cyclicly with time. 

163. General Definitions. — The following definitions are stated 
in terms of current, but are equally applicable to electromotive 
forces, potential differences, magnetic fluxes, or any other 
quantity which varies with time. 

Alternating Current. — An alternating current is a current 
which varies continuously with time, from a constant maximum 
value in one direction to a constant maximum value in the 
opposite direction, and back again to the same maximum in the 
first direction, and whose average value for a complete cycle 
is zero. 
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Wave Form. — In Fig. 123 the successive instantaneous values 
of an alternating current are plotted as ordinates against time as 
the abscissa. Such a curve is called the “wave form,” or “wave 
shape,” of the current. In the figure the positive and negative 
portions of the current wave are shown unsymmetrical; such a 



non-symmetrical current or voltage wave is physically possible, 
but the current and voltage waves developed in ordinary electric 
machines are usually perfectly symmetrical, i.e. f the positive 
and negative portions of the wave are exactly alike. A wave 



form which is a pure sine curve, or cosine curve, is called a “sine 
wave;” see Fig. 124. 

Phase. — The abscissa of any point on a wave form is called 
the “phase” of the ordinate at this point, referred to the origin 
of the system of co-ordinates employed. For example, the phase 
of the ordinate AP in Fig. 123 is the distance OA. 
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When the scale of abscissas is so chosen that the distance 
corresponding to a complete cycle is 2t scale divisions (viz., when 
the distance corresponding to the time T is equal to 2ir), the 
phase of any ordinate may be expressed as so many radians. 
Similarly, when the scale of abscissas is so chosen that the distance 
corresponding to a complete cycle is 360 scale divisions, the phase 
of any ordinate is expressed in degrees. For example, the phase 
of the ordinate AP in Fig. 123 is 2.4 radians or 137 degrees. 

Period. — The period of an alternating current is the time taken 
for the current to pass through a complete cycle of positive and 
negative values; i.e., the period is equal to the time T indicated 
in Fig. 123. A complete period corresponds to 2t radians or 360 
degrees. 

Frequency. — The frequency, or number of cycles per second, is 
the number of periods per second. 

Alternations. — The number of alternations per minute is the 
total number of times per minute that the current changes in di- 
rection, from positive to negative and from negative to positive. 
In engineering practice the number of cycles is usually referred 
to the second as the unit of time, and the number of alternations 
is referred to the minute as the unit of time 

Let T be the period and / the frequency, or number of cycles per 
second; then 

/ - \ a) 

120 

Alternations per minute = 120/ = ^ (2) 

The electromotive force induced in the armature winding of 
an alternator reverses in direction every time the armature rotates 
through the angle corresponding to the distance between suc- 
cessive field poles. Hence, calling N the number of revolutions 
per minute and p the number of field poles, the number of alter- 
nations of the electromotive of the alternator is 

Alternations per minute = Np 
The frequency of this electromotive force is therefore 

Instantaneous Value. — The instantaneous value of an alter- 
nating current is the value of the current at any instant. The 


Digitized by ^.ooQle 



76 ELECTRICITY AND MAGNETISM FOR ENGINEERS 


ordinates of the wave form of any alternating quantity give its 
instantaneous values. The phase of this quantity at any instant 
is the phase of the corresponding ordinate, and depends, of 
course, upon the instant chosen as the “zero” of time. 

Maximum Value. — The maximum value of an alternating 
current is the greatest instantaneous value during any cycle. The 
maximum value of any alternating quantity is the maximum 
ordinate in its wave form. The maximum value of an alternating 
quantity is also called its “crest value.” 

Average Value. — The average value of an alternating current 
over a complete cycle is zero. The term “ average value” is used, 
however, to designate the numerical value of the average of its 
instantaneous values between successive zero values. This is 
equal to the average ordinate of half its wave form. 

R.M.S., or Effective, Value. — The r.m.s., or effective, value 
of an alternating current is the square root of the mean of the 
squares of its instantaneous values over a complete period. The 
abbreviation “r.m.s.” stands for “root-mean-square.” In Eng- 
land the term ll virtual value” is used to designate this same 
quantity. The r.m.s. value of any alternating quantity may be 
found graphically by plotting a curve whose ordinates are the 
squares of the ordinates of the wave form of this quantity, find- 
ing the average ordinate of this new curve, and taking the square 
root of this average ordinate. 

The definition of r.m.s. value of any varying quantity may be 
expressed mathematically as follows: Let i be the value of this 
quantity at any instant, and let T be the period of its variation 
(i.e., the time taken for it to pass through a complete cycle of 
positive and negative values). Then the r.m.s. value of this 
quantity is 

R.m.s. value = f*i*dt (4) 

It is the r.m.s. value of an alternating current which is in- 
dicated by an alternating current ammeter. Similarly, it is the 
r.m.s. value of an alternating voltage which is indicated by an 
alternating-current voltmeter. The r.m.s. value of an alternat- 
ing current may therefore be thought of as its “ammeter” value, 
and the r.m.s. value of an alternating voltage may be thought of 
as its “voltmeter” value. 
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Any type of instrument in which the torque which produces 
the deflection of the movable element depends on the square of 
the current through it, or on the square of the voltage impressed 
on it, may be used as an alternating-current ammeter or volt- 
meter respectively. 

Consider, for example, an electrodynamometer type of am- 
meter. The stationary and movable coil being in series, the 
current in each of the two coils is the same. Let the value of 
this current at any instant be i. From Article 131, the torque 
exerted pn the movable coil by the fixed coil is, at this instant, 
ki 2 , where k is a constant whose value depends upon the mutual 
inductance of the two coils. When the current i is a direct cur- 
rent of value I, then this torque is constant, and has the value 
kP. When the current is an alternating current, the torque 
changes at each instant. However, when the natural period of 
mechanical oscillation of the movable coil is large compared 
with the period of the current, the deflection of this coil will 
be determined by the average value of the torque acting on it, 
i.e. } by the average value of ki 2 over a complete period. The 
deflection of the movable coil will, therefore, be the same as 
would be produced by a direct current of such a value I that 
ki 2 = average of ki 2 , or 

I = y / average of i 2 



This is the r.m.s. value as given by equation (4). 

Hence an electrodynamometer type of ammeter, calculated to 
read correctly the value of a direct current, will likewise give the 
r.m.s. value of an alternating current. In an exactly similar 
manner it may be shown that a current balance (Article 33) 
may be used to measure the r.m.s. value of an alternating 
current. An ammeter whose movable element is a soft iron core 
or vane may also be used as an alternating-current ammeter. 
What has just been said in regard to ammeters also holds with 
respect to voltmeters. 

An ammeter or voltmeter whose stationary or movable element 
is a permanent magnet cannot be so used, for in such an instru- 
ment the torque is proportional to the average value of the first 
power of the current. The average value of the torque exerted 
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on the movable element of such an instrument when an alternat- 
ing current is sent through it is therefore zero. The ordinary 
D’Arsonval type of meter is therefore not suitable for alternating 
current measurements. 

Form Factor. — By the form factor of a wave is meant the ratio 
of its r.m.s. ordinate to the average ordinate of its positive (or 
negative) half wave. That is, calling I the r.m.s. ordinate and 
I aver. the average ordinate, 


Form factor 



1.11 Im. 


(5) 


Crest Factor. — By the crest factor of a wave is meant the 
ratio of its maximum ordinate to its r.m.s. ordinate. That is, 
calling I m the maximum ordinate, and I the r.m.s. ordinate, 

Crest factor = j* (6) 


This factor is also called the “amplitude factor,” or “peak 
factor.” 

Problem 1. — An alternator which has 18 poles is driven at a speed of 400 
revolutions per minute. 

(a) What is the number of alternations of its electromotive force? (6) 
What is the frequency of this electromotive force? (c) What will be the 
frequency of the current established by it in a circuit connected to its 
terminals? (d) At what speed would this alternator have to be driven to 
produce a 25-cycle current (i.e,, a current whose frequency is 25 cycles per 
second)? 

Answer . — (a) 7200 alternations per minute. ( b ) 60 cycles per second, 
(c) The same, namely, 60 cycles per second, (d) 167 revolutions per 
minute. 

Problem 2. — (a) Replot the wave form shown in Fig. 123, choosing the 
zero of time in such a manner that the phase of the point P will be + 30 
degrees. (6) What will be the phase of the first zero value to the right of 
this origin? (c) Of the first zero value to the left of the origin? ( d ) What 
will be the phase of the positive maximum nearest the origin? 

Answer— &) 60 degrees, (c) - 120 degrees, (d) - 25 degrees. 

Problem 3. A symmetrical wave each half of which is a rectangle may 
be called a rectangular wave. A symmetrical wave, each half of which is an 
isosceles triangle may be called a triangular wave. A symmetrical wave, 
each half of which is a circle, may be called a semicircular wave. Calling 
I m the maximum ordinate of each of these waves, prove the relations given 
in the following table: 
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Rectangle 

Triangle 

Semicircle 

Average value 

Im 

k Im 

-T 

R.m.s. value 

I m 

2 

- 4 /. 

V 3 
1.15 

4 m 

\ \h m 

Form factor 

1 

\3 

1.04 

Crest factor 

1 

1.73 

1.22 




(Note. — The equation of each half of the semicircular wave is y* = I* m — 
and the value of x corresponding to half a period is equal to 2 I m . The 

4 / 

equation of the first quarter of the triangular wave is y — —p x , where T is 

the period of this wave, and the value of x corresponding to quarter of a 
T 

period is ^*) 

164. Sine-wave Quantities. — A sine-wave quantity is an 
alternating quantity whose wave form is a sine wave, viz., 
whose wave form is a curve (Fig. 124) whose equation is of the 
form 

i = I m sin(27r/f -0<) (7) 

where the angle (2wft — 6) is in radians , and 
I m = the maximum value of the given quantity, 

/ = the frequency, or number of times per second that the 

given quantity passes through a complete cycle of posi- 
tive and negative values, 

t = time in seconds, measured from any arbitrarily chosen 
instant, or “zero” of time, 

Oi = the phase of the first ascending zero value of the given 
quantity (see Fig. 124). This angle is called the “phase 
angle ” of the given quantity referred to the given zero 
• of time. 

A sine-wave quantity is also called a “sinusoidal” quantity. 
Still another name for a sine-wave quantity is a “simple harmonic” 
quantity. A quantity whose wave form is not a sine wave is 
called a “ non-sinusoidal ” quantity. 

In practice, most alternating currents and electromotive forces 
have wave forms which are approximately sine waves. This is 
particularly fortunate, for the properties of sine- wave currents 
and electromotive forces are relatively simple. Moreover, as 
will be shown in Chapter XVIII, any alternating quantity, no 
matter how irregular its wave form, may be resolved into a sum of 
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sine-wave components whose frequencies are integer multiples of 
the frequency of the given quantity. Consequently, the theory 
of alternating currents is primarily a study of the properties of 
sine-wave quantities. 

The quantity 2vf which enters into the mathematical ex- 
pression for a sine-wave current may be called the “ frequency 
constant” of the current. The frequency constant is usually 
represented by the symbol co, viz., 

o>= 2 tt/ (8) 

Other names used for this same quantity are “ angular frequency” 
and “ periodicity. ” The symbol “p” is used by some authors to 
designate it. 

In terms of the frequency constant co, the equation for a sine- 
wave quantity is of the form 

i= I m sin (c* )t— Oi) (9) 

This is the form usually employed. 

The frequencies commonly employed in this country for power 
and lighting purposes are 25 and 60 cycles per second respectively, 
for which the corresponding values of co are 

For 25 cycles per second: co = 157 

For 60 cycles per second: co = 377 

As already noted, the angle 2i rft in equation (7), and the cor- 
responding angle cot in equation (9), are in radians, not degrees. 
When it is desired to use degrees instead of radians, the number 
360 must be substituted for 2t. 

In plotting a sine-wave quantity, it is usually more convenient, 
instead of taking time t as abscissas, to take the abscissas equal 
to («0 or (360 ft), accordingly as it is desired to express angles in 
radians or in degrees. For plotting curves to scale the degree is 
the most convenient unit for the angle. However, in any prob- 
lem involving a differentiation or integration of a given sine- 
wave quantity, the angles are ususally expressed in radians, as 
otherwise confusing conversion factors come into the formulas. 

The value of the phase angle 0» in the above expression 
i = I m sin(c ot — Oi) for a sine-wave current depends solely upon 
the instant chosen as the “zero,” or “origin,” of time. For 
example, when the zero of time is chosen as the instant at which 
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the current in a given circuit is zero and is increasing (see Fig. 
125), the equation of this current is 

i = I m sin wt (9a) 

When the zero of time is chosen as the instant at which a given 
sine-wave quantity has its maximum positive value, the phase 

Ti- 

angle of this particular quantity is — ^ radians or — 90 degrees. 

For example, when the zero of time is chosen as the instant at 
which the current in a given circuit has its maximum positive 
value (see Fig. 127), the equation of this current is 

i = I m sin (cot + (9b) 


or 


i = I m COS cot 


(9c) 


When the zero of time is chosen as the instant at which a 
given sine-wave quantity is zero, and is decreasing , its phase angle 
is t radians or 180 degrees. For example, when the zero of 
time is chosen as the instant at which the current in a given cir- 
cuit is zero and is decreasing (see Fig. 126), the equation of this 
current is 

i = I m sin (cot— t) (9 d) 


or 


i = —I m sin cot 




166. R.M.S. Value of a Sine-wave Quantity. — The substitu- 
tion of equation (7) in the general definition of r.m.s. value given 
by equation (4) gives for the r.m.s. value of a sine-wave quantity 
the expression 

^ = V? J> sin2 ~ e ^ dt 

Noting that in general sin 2 x = where x is any angle, 

and that the integral of cos 2x over a complete cycle of x (i.e. 
from x = 0 to x = 2t) is zero, it follows that, 

n T r T rtf rp 

f o sin 2 (2» ft - 6i)dt = - = — 


Whence the r.m.s. value of a sine-wave quantity whose maxi- 
mum value is I m is 



( 10 ) 
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That is, the r.m.s. value of any sine-wave quantity is equal to 
its maximum value divided by y/2. 

It should he carefully noted that this relation applies only to 
SINE-WAVE quantities. When the wave form of an alternating 
quantity is not a sine curve the ratio of its maximum value to its 
r.m.s. value is NOT equal to y/2 (see Problem 3, Article 163). 

Problem 4 . — A sine-wave alternating current has an r.m.s. value of 100 
amperes and passes through 5 complete cycles of values in H second, (a) 
What is the maximum value of this current? (b) What is the period of this 
current? (c) What is its frequency? (d) What is the value of its fre- 
quency constant? (e) Write the equation of this current referred to the 
instant at which the current is zero and increasing? (/) Referred to the 
instant at which the current has its maximum positive value, {g) What 
is the equation of this current when the zero of time is taken as the instant 
at which the current is 50 amperes and is increasing? ( h ) What is the 
phase angle of this current referred to this zero of time? (i) Plot this last 
equation to scale for a complete cycle, taking 1 inch on the scale of abscissas 
equal to 100 degrees, and 1 inch on ordinate scale equal to 40 amperes. 

Answer. — (o) 141 amperes. (6) Hs second, (c) 25 cycles per second, 
(d) 157. (e) i = 141 sin (1570. (/) i = 141 cos (1570- C 9 ) i = 141 sin 
(157* + 0.363) when the angle is in radians, or r « 141 sin (9000* + 20.7) 
when the angle is in degrees. (A) — 20.7 degrees or — 0.363 radians. 

166. Difference in Phase. — When two sine-wave quantities 
of the same frequency pass through their zero values at different 
instants of time, they are said to differ in phase. The relative 
positions of the wave forms of a current and voltage which differ 
in phase by an angle 0 is shown in Fig. 128. From the figure it 
is evident that this phase difference is equal to the difference 
between the individual phase angles of the current and voltage 
referred to any arbitrarily chosen zero of time. 

The zero of time may always be chosen as the instant at which 
one, but only one , of two or more alternating quantities passes 
through its zero value in the ascending direction. This par- 
ticular quantity may then be referred to as the quantity of ref- 
erence, and its equation is then of the form of equation (9a). 
The difference in phase between this and any cfther quantity 
referred to this same zero of time is then numerically equal to 
the phase angle of this latter quantity. 

When two sine-wave quantities pass through their zero values 
at the same instant, and both are increasing in the positive 
direction, as shown in Fig. 125, their phase angles are equal, and 
these two quantities are said to be “in-phase.” 
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When the two quantities pass through their zero values at 
the same instant, but one is increasing and the other decreasing, 
as shown in Fig. 126, they differ in phase by t radians, or 180 
degrees. They are then said to be “in opposition. ” 



When one of the two quantities passes through its zero value at 
the same instant that the other quantity passes through its maxi- 
mum value, as shown in Fig. 127, they differ in phase by 
radians, or 90 degrees. They are then said to be in “quadrature. ” 



Of two sine- wave quantities which differ in phase, that quan- 
tity which reaches its positive maximum first, when time is 
measured from any given instant, is said to “lead” the other 
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by the angle numerically equal to the algebraic difference of 
their phase angles. Conversely, the quantity which reaches its 
first positive maximum last is said to “lag” the other quantity. 

For example, in Fig. 127 the current leads the voltage by ^ 



radians or 90 degrees, and the voltage lags the current by this 
same angle. In Fig. 128 the current lags the voltage by the angle 
0, equal to the difference between the phase angles of the current 
and voltage, and the voltage leads the current by this same angle. 



From these two figures it is evident that the curve which is 
shifted to the right with respect to the other is the curve which 
lags. Or, looked at from another point of view, the quantity 
which has the algebraically larger phase angle (as defined by 
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equation (7)) lags. For example, when the origin of time is so 
chosen that the voltage has a negative phase angle of 20 degrees 
(see definition of phase angle, p. 79) and the current a positive 
phase angle of 15 degrees, the current lags the voltage by 15 — 
(—20) = 35 degrees. 

Problem 5. — A sine- wave current whose r.m.s. value is 50 amperes 
is produced in a circuit by impressing on the terminals of this circuit 
a sine-wave voltage whose r.m.s. value is 300 volts and whose frequency 
is 60 cycles per second. At the instant that the current is zero and is in- 
creasing, the voltage drop through the circuit in the direction of the current 
is — 100 volts and is decreasing in numerical value. 

(a) What is the difference in phase between the current and the volt 
drop through the circuit in the direction of the current? ( b ) Does the cur- 
rent lead or lag the voltage? (c) Plot this voltage drop and current for 
one complete cycle of the latter, taking 1 inch on the scale of abscissas equal 
to 100 degrees, and 1 inch on the ordinate scale equal to 100 volts for the 
voltage curve and 20 amperes for the current curve. 

Answer. — (a) 13.7 degrees. (6; The current leads the voltage drop. 

Problem 6. — A sine-wave current whose r.m.s. value is 10 amperes, and 
whose frequency is 25 cycles per second, flows through a non-inductive 
resistance of 5 ohms. 

(a) Write the equation for this current, taking as the origin of time the 
instant at which the current is zero and is increasing, (b) Write the equa- 
tion for the voltage drop through this resistance, in the direction of the 
current, referred to this same origin of time, (c) What is the difference in 
phase between the current and this voltage drop? (d) What is the r.m.s. 
value of this voltage drop? (e) How will an increase in frequency affect 
the r.m.s. value of the voltage drop? 

Answer. — (o) i — 14.1 sin (1570- (&) v = 70.7 sin (1570* (c) The cur- 
rent and voltage drop are in phase, {d) 50 volts, (c) A change in fre- 
quency will not affect the voltage drop, provided the resistance is absolutely 
non-inductive. 

Problem 7. — A sine-wave current whose r.m.s. value is 10 amperes, and 
whose frequency is 25 cycles per second, is established in a coil whose self- 
inductance is 30 millihenries. The resistance of the coil is negligibly small. 

(a) Write the equation for this current, taking as the origin of time the 
instant at which the current is zero and is increasing. (6) Write the equa- 
tion for the voltage drop through the coil, in the direction of the current, 
referred to this same origin of time, (c) What is the difference in phase 
between the current and this voltage drop? (d) What is the r.m.s. value 
of this voltage drop? (e) How will an increase in the frequency affect the 
r.m.s. value of the voltage drop? 

Answer. — (o) i = 14.1 sin (1570- ( b ) v = 66.6 cos (1570- (c) The cur- 
rent lags the voltage drop by ^ radians or 90 degrees, (d) 47.1 volts, (e) 
The r.m.s. value of the voltage drop is directly proportional to the frequency. 
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Problem 8. — A sine-wave voltage whose r.m.s. value is 1000 volts, and 
whose frequency is 60 cycles per second, is impressed across a condenser 
whose capacity is 2 microfarads and whose leakage conductance is negligibly 
small. 

(o) Write the equation for this voltage, taking as the origin of time the 
instant at which the voltage drop through the condenser from one plate to 
the other, say from the A plate to the B plate, is zero and is increasing, (b) 
Write the equation for the charging current of this condenser, referred to 
this same origin of time, calling this current positive when it enters the A 
plate, (c) What is the difference in phase between this current and the 
voltage drop through the condenser? ( d ) What is the r.m.s. value of the 
charging current? (e) How will an increase in the frequency of the im- 
oressed voltage affect the r.m.s. value of the charging current? 

Answer . — (a) v = 1414 sin (3770- (b) i — 1.067 cos (3770* (c) The 

7T 

charging current leads the voltage by ^ radians or 90 degrees, (d) 0.754 

amperes, (c) The r.m.s. value of the charging current is directly propor- 
tional to the frequency. 

167. Power Corresponding to a Sine-wave Current and a 
Sine-wave Voltage. — The electric power input at any instant 



Fig 129. — Power corresponding to sine- wave current and voltage. 


to a circuit in which the current has the value i at this particular 
instant, and in which the drop of potential in the direction of 
the current at this particular instant is v, is 

p = vi (11) 

In Fig. 129 are plotted a sine- wave voltage and a sine-wave 
current of the same frequency, differing in phase from the voltage 
by the angle 0. The dotted curve, whose ordinates are equal 
to the product of the corresponding ordinates of the voltage and 
current curves, gives the power input to the circuit at each in- 
stant during the cycle of their variation. As shown in the figure, 
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the power input curve is also a sine curve, but of double the 
frequency of the current and voltage curves, and displaced ver- 
tically with respect to these curves. 

When the current and voltage differ in phase, as shown in the 
figure, there is an actual input of electric energy to the circuit 
during two intervals in each period, and an actual power out- 
put of electric energy during the rest of the period. The energy 
input and output are respectively equal to the shaded areas above 
and below the time axis. The resultant energy input during 
each cycle is therefore the difference between the two shaded 
areas above the time axis and the two shaded areas below this 
axis. 

The resultant energy input per cycle divided by the time of 
one cycle is equal to the average rate at which energy is supplied 
to the circuit, i.e ., to the average power input y which will be des- 
ignated by the symbol P . This average power input is equal 
to the algebraic mean ordinate of the power curve, which in 
turn is equal to the vertical distance of the axis of symmetry 
of the power curve above the time axis. 

The facts just stated may be readily verified by a compara- 
tively simple mathematical analysis, which will also show that 
the value of the average power corresponding to a sine-wave 
voltage of r.m.s. value V and a sine-wave current of r.m.s. value 
I, when both have the same frequency, is 

P = VI cos 0 

where 0 is the difference in phase between the current and the 
voltage drop in the direction of the current. 

To prove this, choose as the origin of time the instant at which 
the voltage is zero and increasing. Let 0 be the angle by which 
the current lags the voltage, and let to be their frequency constant. 
The equations of the voltage and current may then be written 

v = y/2 V sin c d 
i = \/2 1 sin {(at — 0) 

where V and 7 are the r.m.s. values of these two quantities. 
The power input at any instant is then 

p = vi = 2VI sin (cot) sin {(at — 0) (12) 

This last expression may be simplified by making use of the 
general trigonometric relations that 
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cos ( x • — y) = cos x cos y + sin x sin y 
cos (x + y) = cos x cos y — sin x sin y 

from which by subtraction follows the relation 

sin x sin y = \ cos (x — y) — ^ cos (x + y) (13) 

The student should memorize this particular relation, for it will 
be found extremely useful in the analysis of various problems 
involving the product of two sine functions of the same 
frequency. 

Applying this relation to equation (12), there results 

p = VI cos 0 — VI cos (2a )t — 0) (14) 

Since o> = 2 x/, where / is the frequency of the current and 
voltage, it follows that the frequency of the cosine term in this 
expression is twice the frequency of the current and voltage. 
Consequently a complete cycle of the current or voltage corre- 
sponds to two complete cycles of this cosine term. Hence the 
average value of this cosine term for a complete cycle of the volt- 
age or current is equal to zero. 

Consequently, the average value of the power input for a 
complete cycle is equal to the average value of the term VI cos 0. 
But since the factors in this term are all constants, the average 
value of the power input is equal to this term, viz., 

P = VI cos 0 (15) 

The student should note carefully that this expression for the 
average power of an alternating current and voltage holds only 
when these quantities are sine-wave quantities (see Article 211). 

In the deduction of equation (15) the angle 0 was taken as 
the angle by which the current lags the voltage. However, 
since an angle of lead is equivalent to an equal negative angle 
of lag, and since the cosine of a negative angle is equal to the 
cosine of an equal positive angle, it follows that equation (15) 
gives the average power input irrespective of whether the cur- 
rent lags the voltage by the angle 0 or leads the voltage by this 
angle. 

When the angle 0 by which the current lags or leads the volt- 
age drop in the direction of this current is greater than 90 de- 
grees, the cosine of this angle is negative. From equation (15) 
it then follows that the average power input to the circuit is 
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negative . This means that there is an actual power output 
from this circuit. Under these conditions it is usually more 
convenient to take for the phase angle 6 the angle by which the 
current lags or leads the voltage rise in the direction of the cur- 
rent. The phase angle 6 is then less than 90 degrees, and equa- 
tion (15) then gives a positive value for P equal to the power 
output of the circuit. 

The average power input to (or output from) a circuit is indi- 
cated directly by a wattmeter connected to this circuit in the 
usual way (see Fig. 26), provided the natural period of vibration 
of the moving element is long in comparison with the frequency 
of the impressed voltage. This follows from the fact that the 
average torque, which determines the permanent deflection of 
the moving element, is equal to the average value of the product 
vi of the instantaneous voltage and current. 

Since ordinary alternating currents pass through a complete 
cycle in a small fraction of a second, usually less than 3^5 second, 
it is the average power, and not the instantaneous power, that 
one is usually interested in. Hence it has become the practice, 
in speaking of alternating current power, to omit the word 
average, and to say simply the power input, or power output, 
leaving the word average to be understood. This practice will be 
followed throughout the rest of this book, and whenever the 
expression “ power input,” or “ power output” is used, it is to be 
understood, unless specifically stated otherwise, that the average 
power input or output is meant. 

Problem 9. — Referring to the problems at the end of the preceding article, 
what is the average power input to the circuit described (a) in Problem 5? 
(b) In Problem 6? (c) In Problem 7? ( d ) in Problem 8? 

Answer. — (a) 14.58 kilowatts. (5) 500 watts, (c) Zero, (d) Zero. 

Problem 10. — (a) Plot to scale the instantaneous power supplied to an 
alternating-current motor when a sine-wave voltage of 220 volts (r.m.s. 
value) is impressed on its terminals, producing in it a current of 100 amperes 
(r.m.s. value) lagging the voltage by 60 degrees. ( b ) What is the power 
input to this motor? 

Answer . — (6) 11 kilowatts. 

168. Power Factor. — When the current and voltage are in 
phase (0 = 0), the power input or output is equal simply to 
the product of the r.m.s. value of the voltage by the r.m.s. 
value of the current. Since an alternating-current voltmeter 
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reads the r.m.s. value of the voltage, and an alternating-current 
ammeter reads the r.m.s. value of the current, the product of the 
voltmeter and ammeter readings then gives the power input or 
output, just as in the case of a direct-current circuit. 

However, when there is a difference in phase between the current 
and voltage , as is usually the case , the product of the vo tmeter 
and ammeter readings does NOT give the power. When there 
is a phase difference, the power is always less than the product of 
the voltmeter and ammeter readings. 

In general, the factor by which the product of the r.m.s. value 
of the terminal voltage of a circuit, and the r.m.s. value of the 
current in this circuit, must be multiplied, in order to give the true 
average power input or output of this circuit, is called the “power 
factor” of this circuit. That is, calling V the r.m.s. value of the 
terminal voltage in volts, I the r.m.s. value of the current in 
amperes, and P the average power input (or output) n watts, 
then the power factor is 

p 

Power factor = yj (16) 

The power factor of a circuit is always less than unity. In- 
stead of expressing the power factor as a fraction, however, it is 
common practice to express it as a percentage, viz., 

p 

Per cent, power factor = 100 yj (16a) 

Comparing equation (16) with equation (15), it is evident that 
when the voltage and current are both sine waves, the power 
factor is equal to the cosine of the angle by which they differ 
in phase. This phase angle is therefore frequently called the 
“power-factor angle” of the circuit. 

The simplest way of determining the power factor of a circuit 
is to measure simultaneously the r.m.s. value V of the im- 
pressed voltage, by means of an alternating-current voltmeter, 
the r.m.s. value I of the current, by means of an alternating-cur- 
rent ammeter, and the average power input (or output) P, by 
means of a wattmeter. The power factor is then calculated 
from equation (16a). 

When the current and voltage in a circuit are in quadrature, 
i.e., when they differ in phase by 90 degrees, and both are 
sine waves, the average power input is VI cos 90 = 0. The 
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power factor of such a circuit is therefore zero. A voltmeter 
connected across the terminals of such a circuit will indicate the 
voltage, say 100 volts, and an ammeter connected in series with 
it will indicate the current, say 5 amperes, but a wattmeter 
connected to such a circuit will read zero watts 

A condenser whose leakage conductance is zero has a zero 
power factor, since the current taken by it leads the impressed 
voltage by 90 degrees (see Problem 3, Article 166). Similarly, 
a coil of high self-inductance and of low resistance has a power 
factor very nearly equal to zero, since the current through it 
lags the impressed voltage by nearly 90 degrees (see Problem 7, 
Article 166). A non-inductive resistance, on the other hand, 
has practically unity power factor, since the current through it is 
in phase with the impressed voltage (see Problem 6, Article 
166). 

Problem 11. — Referring to the problems at the end of Article 166, what 
is the power factor of the circuit described (a) in Problem 5? (b) In 

Problem (6) ? (c) In Problem (7) ? ( d ) In Problem (8) ? (e) What is the 
power factor of the motor described in Problem 10, Article 167? 

Answer. — (a) 0.972, or 97.2 per cent. (6) Unity or 100 per cent, (c) 
Zero. ( d ) Zero. ( e ) 50 per cent. 

169. Apparent Power. — The product of the r.m.s. value of 
the voltage impressed across the terminals of a circuit, by the 
r.m s. value of the current in this circuit, is called the “ apparent 
power input,” or the “ volt-amperes” input. Similarly, the volt- 
amperes output of a circuit which gives out electric energy 
is equal to the product of the r.m.s. value of its terminal voltage 
and the r.m.s. value of the current in it. Apparent power is 
also expressed in kilovolt-amperes, abbreviated “kv-a.,” or 
“KVA.” The kilovolt-amperes of a circuit is equal to the volt- 
amperes divided by 1000. 

The heating of an alternating-current generator or trans- 
former is due primarily to (1) the heating effect of the current, 
equal to r/ 2 , where I is the r.m.s. value of the current and r is the 
resistance of its path, and (2) to the heating effect due to the 
eddy currents and hysteresis in the magnetic circuit. The eddy- 
current and hysteresis losses depend upon the magnetic flux in 
the magnetic circuit, and this flux in turn is proportional to the 
electromotive force which is developed in the machine, which 
is approximately equal to its terminal voltage V. Hence the 
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total amount of heat developed in such an alternating-current 
machine depends upon the r.m.s. values of the current and 
voltage, and not upon the average power output or input. For 
this reason, alternating-current generators and transformers are 
usually rated in kilovolt-amperes, and not in kilowatts. 

Problem 12. — Referring to the problems at the end of Article 166, what 
is the volt-ampere input to the circuit described (a) in Problem 5? (6) In 

Problem 6? (c) In Problem (7)? {d) In Problem (8)? (e) What is the 

kilovolt-ampere input to the motor described in Problem 10, Article 167. 

Answer. — (a) 15,000 volt-amperes. (6) 500 volt-amperes, (c) 471 volt- 
amperes. (d) 754 volt-amperes, (e) 22 kilovolt-amperes. 



170. Equivalent Phase Difference. — When the voltage and 
current in a circuit are not sine waves, the power input is usually 
less than the product of the r.m.s. values of the voltage and cur- 
rent, even though the latter pass through their zero values at the 
same time (see Article 211). That is, the power factor of a 
circuit to non-sinusoidal voltages and currents is usually less 
than unity. 

For example, when a sine-wave voltage is impressed across 
the terminals of an arc lamp, the voltage drop across the arc from 
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one electrode to the other, and current through the arc, have wave 
shapes as shown in Fig. 130. The current passes through its zero 
value at the same instant that the voltage is zero. However, 
the power input to the arc is not equal to the product of the 
r.m.s. values of the current and voltage, but is only about 80 
per cent, of this product. 

In general irrespective of the wave shapes of the voltage and 
current, the angle whose cosine is equal to the power factor 
(expressed as a fraction) is called the “ equivalent ” phase differ- 
ence between the voltage and current. That is, calling V the 
r.m.s. value of the voltage, I the r.m.s. value of the current, 
and P the average power, the equivalent phase difference is 

0 = cos -'(yj) (17) 

By using this equivalent phase difference as the value of the 
angle 0, the various relations which hold strictly only for sine- 
wave voltages and currents may also be applied to non-sinus- 
oidal voltages and currents, and, unless their wave forms are badly 
distorted, will, in most cases, lead to results sufficiently accurate 
for practical purposes. This method of analysis is equivalent to 
considering the actual voltage and current as equivalent to a sine- 
wave voltage and current of the same r.m.s. values respectively 
at their actual r.m.s. values, and differing in phase by the equiva- 
lent phase angle defined by equation (17). However, there are 
numerous cases when a more accurate analysis is required (see 
Chapter XVIII). 

171. Addition of Alternating Quantities. — In practice, an 
alternating quantity, such as an alternating current or electromo- 
tive force, is always specified numerically by its r.m.s. value. 
That is, when one speaks of an alternating current of 10 amperes, 
what is invariably meant is an alternating current whose r.m.s. 
value is 10 amperes. Similarly, by an alternating electromotive 
force of 50 volts is meant an alternating electromotive force 
whose r.m.s. value is 50 volts. 

Also, when the capital letters 7, E , and V are used in any for- 
mula, the numerical values to be assigned to these letters, unless 
specifically stated otherwise, are the r.m.s. values of the quanti- 
ties to which they refer, i.e., to what the ammeters and volt- 
meters in the circuits indicate. This practice often confuses 
the beginner, for his natural tendency is to apply to the quanti- 
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ties represented by these symbols the same laws as hold for the 
quantities represented by these same symbols in direct-current 
circuits. This tendency must be carefully avoided, for, except 
in certain special cases, the laws for direct currents do not 
apply to the r.m.s. values of alternating-current quantities. 

For example, the beginner is inclined to think that when an 
alternating-current generator supplies energy to two different 
circuits connected to its terminals (see Fig. 131), the r.m.s. 
value of the current I» supplied by the generator is equal to 
the sum of the r.m.s. values of the currents Ii and h supplied 
to the two circuits. This, however, is never true, except in 
the special case when the currents taken by the two leads are 



Fig. 131. — Alternator supplying two loads. 


in phase. When these currents are not in phase (and they usually 
are not) the r.m.s. value of the generator current I, is always 
less than the sum of the r.m.s. values of the load currents. 
That is, an ammeter A 9 connected in one of the leads from the 
generator will read less than the sum of the readings of the am- 
meters A i and A 2 connected in series with the respective loads. 

This may be readily seen by a simple graphical analysis. 
Assume the currents taken by the loads to be sine-wave currents, 
and let the current h taken by load No. 1 lag the current 1 2 taken 
by load No. 2 by the angle 0 = 0i — 0 2 , as shown in Fig. 
132. The arrows on the diagram in Fig. 131 indicate the di- 
rection which is chosen as the positive “ sense * ’ of these cur- 
rents. These currents are, of course, actually in one direction 
during one-half of each cycle, and in the opposite direction 
during the other half of the cycle. The arrow on any particular 
conductor means simply that at any instant at which the cur- 
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rent in this conductor is actually in the direction of the arrow, 
its instantaneous value is to be considered as positive, and at 
any instant at which it is in the opposite direction, its in- 
stantaneous value is to be considered as negative. This con- 
vention is a general one, and is followed throughout this book. 

With this understanding, the instantaneous values of the 
currents h and 7 2 supplied to the two loads may be represented 
by the curves in Fig. 132 whose maximum values are h m and 



1 2 m respectively. Since at each instant the total current which 
enters the junction P in Fig. 131 must be equal to the current 
which leaves this junction (neglecting any electric charge on 
the surface of the conductors at this junction), the value, at any 
particular instant , of the generator current must be equal to the 
algebraic sum of the ordinates, corresponding to this instant, 
of the curves which represent 1 1 and Z 2 . Hence the instantaneous 
values of the generator current are given by the ordinates of the 
heavy curve in Fig. 132, which curve is constructed by adding 
algebraically the ordinates of the other two curves. 

The heavy curve which represents the instantaneous values 
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of the generator current is also a sine curve, as shown in the 
figure (a rigorous proof is given below). It may also be seen 
by inspection that the maximum value I 9m of this curve is less 
than the sum of the maximum values I\ m and 1 2 m of the other two 
curves. 

Hence, since the r.m.s. value of each of these sine curves is 
equal to its maximum value divided by y/2, it follows that the 
r.m.s. value of the generator current must be less than the sum 
of the r.m.s. values of the two load currents. 

In genera], as will be shown in the next section, whenever an 
alternating current divides into two currents, or whenever 
two alternating currents combine to produce a single current, 
the r.m.s. value of the single, or resultant, current is always 
less than the sum of the r.m.s. value of the two component 
currents, except when the two component currents are in phase. 
Similarly, the r.m.s. value of the resultant of two alternating 
electromotive forces is always less than the sum of the r.m.s. val- 
ues of these two component electromotive forces, unless these two 
component electromotive forces are in phase. Moreover, as il- 
lustrated in Fig. 132, the resultant of two sine-wave quantities 
which differ in phase is, in general, in phase with neither of these 
quantities. 

Problem 13. — A 25-cycle, single-phase generator (i.e., an alternator 
whose armature winding forms a single circuit, with two slip rings) supplies 
a current of 100 amperes to a single-phase induction motor, and a current 
of 50 amperes to a single-phase synchronous motor. The power factor of 
the induction motor is 70 per cent., and the current taken by it lags the 
voltage drop through it. The power factor of the synchronous motor is 5 
per cent., and the current leads the voltage drop through it. The resistance 
and inductance of the leads between the motors and the generator may be 
neglected. 

(a) What is the difference in phase between the currents supplied to the 
two motors? (6) Plot these two currents to scale, taking 1 inch along the 
horizontal axis equal to 50 degrees, and 1 inch along the vertical axis equal 
to 50 amperes, (c) Plot the instantaneous values of the generator current. 
(d) What is the r.m.s. value of the generator current? (e) What is the differ- 
ence in phase between the generator current and the generator terminal 
voltage? (f) What is the power factor of the generator, i.e., of the total 
load supplied by the generator? (g) If this terminal voltage is 2200 volts, 
what is the power input to each motor? ( h ) What is the power output of the 
generator? Compare with the total power input to the motors, (i) What 
is the kv.-a. input to each motor? (j) What is the kv.-a. output of the 
generator? Compare with the total kv.-a. input to the motors. 
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Answer. — (a) 132.7 degrees, (d) 75.8 amperes, (e) Generator current 
lags the terminal voltage by 17.5 degrees, (f) 95.9 per cent. ( g ) 154 kilo- 
watts to the induction motor and 5.5 kilowatts to the synchronous motor. 
(h) 159-5 kilowatts, equal to the sum of the power inputs to the two motors. 
(<) 220 kv.-a. to the induction motor and 110 kv.-a. to the synchronous 
motor, (j) 167 kv.-a., which is 49.4 per cent, less than the total kv.-a., 
input to the two motors. 

172. Vector Representation of Sine-wave Quantities.— The 
determination of the resultant of two or more alternating 
quantities by plotting their instantaneous values is a tedious 
process. When the given quantities are sine-wave quantities, 
both the r.m.s. value and the phase angle of their resultant 



may be determined by a much simpler and shorter method. 
The principle involved in this method is that any sine-wave 
quantity may be represented by a vector whose length is equal 
to the r.m.s. value of this quantity, and which makes with a 
given reference line an angle equal to the phase angle of this 
quantity with respect to any arbitrarily chosen instant of time. 

For example, the instantaneous values of two currents, whose 
r.m.s. values are Ii and 1 2 , and whose phase angles referred to 
any given instant of time are 0i and 0 2 (see Fig. 132), are given 
respectively by the equations 

i\ = \/2 1 1 sin (cat — 0i) 
i% = y/2 I 2 sin (cat — 0 2 ) 
where a> = 2 wf, and / is the frequency. 

In the polar diagram in Fig. 133, the line OA is laid off equal 
7 
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in length to the r.m.s. value h and at an angle (< d — 0i) with the 
horizontal axis OX. The vertical distance from A to this hori- 
zontal axis, namely, the distance AM, is then 
AM = I\ sin (cot — Oi) 

and therefore 

11 = y/2 AM 

Similarly, the line OB is made equal to the r.m.s. value J 2 of 
the second current, and the angle between this line and the 
horizontal axis OX is made equal to (cot — 0 2 ). The length of 
the line BN is then 

BN = 1 2 sin (cot — 0 2 ) 

and therefore 

1 2 = V2 m 

As time increases, the angle cot increases proportionally, and 
therefore the lines OA and OB rotate at a constant speed of co 
radians per second, i.e., make one complete revolution per cycle. 
In this diagram, as in all other vector diagrams in this book, the 
positive direction of rotation is taken as the counter-clockwise 
direction. This is the convention adopted by the International 
Electro-technical Commission. 

As the two vectors OA and OB rotate, the lengths of the lines 
AM and BN change, being at each instant equal respectively to 
the values of the two currents at this instant divided by \/2. 
The value of the sum of the two currents i\ and i 2 at any instant, 
which may be represented by the symbol i } is therefore 

___ ii + *2 = V2 (AM + BN) (18) 

But (AM + BN) is equal at each instant to the vertical line 
SP , where OS is the diagonal of the parallelogram OASB. This 
parallelogram remains fixed in shape as the two lines OA and 
OB rotate, for these lines, being equal in length to the r.m.s. 
values of the two currents, are of fixed length , and the angle 
between them, namely, the angle 

0 = cot — 0 2 — (cot — 0i) = 01 — 0 2 
is likewise constant , since this angle is equal to the difference 
in phase between the two currrents. 

Hence the line OS remains fixed in length, rotates with a con- 
stant velocity co, and makes with the line OA a constant angle 
0«. The line OS, therefore, makes with the reference line OX 
an angle 

&t — 0i 0, 
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Consequently, the length of the line SP at any instant is 
SP = OS sin (cot - 0i + 0.) 

But SP = SB ' + B'P = AM + BN- Whence, from equation 
(18), the instantaneous value of the resultant current i is 

i = y/2 OS sin (cot — 0i + 0.) (18a) 

Note that OS is numerically equal to the vector sum of OA and 
OB (see Article 2). Hence 

(1) The resultant of two sine-wave quantities is likewise a 
sine-wave quantity, 

(2) The r.m.s. value I, of the resultant of two sine-wave 
quantities is the sum of two vectors whose lengths are respec- 
tively the r.m.s. values Ii and I 2 of the two given quantities, and 
which make with each other an angle equal to the difference 
in phase 0 between these two quantities. 

Comparing equation (18a) with the expression 

ii = \/2 1 1 sin (cot — 0i) 

it is evident that the resultant of the two given sine-wave quanti- 
ties leads this particular component by the angle 0„ which is 
a constant angle, since OS is fixed with respect to OA , although 
both rotate with the angular velocity co. 

Consequently, as far as the r.m.s. value and phase angle of 
the resultant of two sine-wave quantities is concerned, the vectors 
which represent these two quantities may be considered as 
stationary vectors. The vectors which represent the component 
and resultant quantities need be considered as rotating only 
when one wishes to consider the instantaneous values of these 
quantities. In all vector diagrams used hereafter the vectors 
will be considered as stationary, unless specifically stated other- 
wise. Moreover, in any given problem the vector representing a 
given current or voltage will always be taken as the reference line 
for the diagram (e.gr., the line AT in Fig. 6, Article 2). 

Note that the relations just stated apply to any kind of sine- 
wave quantities, whether currents, voltages, magnetic fluxes, or 
any other quantity. Hence, by applying the laws of vector ad- 
dition and subtraction (see Article 2, which should be carefully 
re-read at this point), any problem involving only the r.m.s. 
values and phase differences of sine-wave quantities may always 
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be solved without considering the instantaneous values of these 
quantities. 

Problem 14. — (a) What is the r.m.s. value of the voltage required to 
establish a 60-cycle current of 10 amperes in a coil whose resistance is 2 ohms 
and whose self-inductance is 0. 1 henry? (Note that such a coil is equivalent 
of a non-induc ive resistance of 2 ohms in series with a coil having zero 
resistance and an inductance of 0.1 henry; see Article 126.) (6) Draw to 

scale a vector diagram showing the voltage drop in the coil due to its re- 
sistance, and the voltage drop due to its inductance, and the resultant 
voltage drop- (c) Does the voltage drop through the coil lead or lag the 
current) and by what angle? (d) What is the power factor of this coil for a 
60-cycle current? (e) What would be the value of the voltage required to 


M 



establish a 25-cycle current of 10 amperes in this coil? (/) What would be 
the value of the voltage required to establish a direct current of 10 amperes 
in the coil? 

Answer . — (a) 377 volts, (c) The voltage drop leads the current by an 
angle of 87.0 degrees. ( d ) 5.3 per cent, (e) 158.5 volts, (f) 20 volts. 

173. Active and Reactive Components. — Consider any circuit 
in which a sine-wave impressed voltage produces a sine-wave 
current. Let V be the r.m.s. value of this voltage, let I be the 
r.m.s. value of the current, and let 0 be the angle by which the 
current lags the voltage. The vector diagram of this voltage 
and current is then taken as shown in Fig. 134. The vector OA 
is equal in length to the current /, and the vector OB equal in 
length to the voltage V. 

From the diagram it is evident that the component of the cur- 
rent vector OA in the direction of the voltage vector OB is 

OM = OAcosO = 7cos0 (19) 
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Similarly, the component of the voltage vector OB in the direc- 
tion of the current vector OA is 

ON = OBcosO = VcoaO (19a) 

As shown in Article 167, the power input to such a circuit is 

P = V(Icosd) = 7(Fcos0) 

Hence the power input is equal to the voltage impressed on the 
circuit multiplied by the component of the current in phase with 
this voltage. Similarly, the power input to a cirucit is also equal 
to the current through the circuit multiplied by the component 
of the impressed voltage in phase with this current. 

From these relations, the component of the current in a circuit 
in phase with the voltage impressed on it is sometimes called 
the “ power component ” of the current. Similarly the com- 
ponent of the voltage in phase with the current is called the 
“ power component” of the voltage. The other component of 
the current, viz., the component 

AM = 7sin0 (20) 

which is at right angles to the voltage, is sometimes called the 
“ wattless component” of the current, and the other component 
of the voltage, viz., the component 

BN = Fsin0 (20a) 

is sometimes called the “wattless component” of the voltage. 

These names “power component” and “wattless component” 
are, however, misleading, in that both components represent 
power. The difference between the two is that the power corre- 
sponding to the in-phase component has an average value equal 
to the average power input to the circuit, whereas the power 
corresponding to the quadrature component has an average value 
equal to zero. The power corresponding to the in-phase com- 
ponent is equal to the average rate at which the electric 
energy transferred to the circuit is converted into heat or 
mechanical work. The energy corresponding to the quadra- 
ture component is the energy of the magnetic and electro- 
static fields which surround the conductors. Since the energy 
of these fields is the same at the end of every cycle, its algebraic 
mean rate of transfer to or from the circuit, t.e., its average 
power, is zero. 
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More significant names for the two components of the current 
and voltage are therefore the “active component” and “reactive 
component.” These are the terms recommended by the American 
Institute of Electrical Engineers. The active component of 
the current in a circuit is that component of this current which 
is in phase with the terminal voltage of the circuit, and the reac- 
tive component is that component which is in quadrature with 
the terminal voltage; similarly for the two components of the 
terminal voltage with respect to the current. 

Problem 15. — A single-phase induction motor connected to 220 volt mains 
takes a current of 50 amperes when it develops 10 horsepower. The 
efficiency of the motor is 90 per cent. (The current taken by an induction 
motor always lags the impressed voltage.) 

(a) What is the power input to the motor? (6) What is the kv.-a. 
input? (c) What is the difference in phase between the voltage and current? 
(d) Draw the vector diagram, (e) What is the active component of the 
current? (/) What is the reactive component of the current? (g) What 
is the active component of the voltage? ( h ) What is the reactive com- 
ponent of the voltage? 

Answer, — (a) 8.29 kw. (6) 11.0 kv.-a. (c) 41.1 degrees, (e) 37 7 
amperes, [f) 32.9 amperes, (g ) 165.8 volts. ( h ) 144.6 volts. 
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IMPEDANCE AND ADMITTANCE, REACTANCE AND 
SUSCEPTANCE, EFFECTIVE RESISTANCE AND 
EFFECTIVE CONDUCTANCE 

174. Introduction. — The distribution of alternating cur- 
rents in a network depends not only upon the resistance of each 
part of the network, but also upon the inductance and electro- 
static capacity of each part of the network. The calculation 
of the alternating currents in the various branches of a net- 
work is therefore somewhat more complicated than similar 
calculations for direct currents. However, such calculations 
may be readily affected in terms of certain “ circuit constants” 
which will now be defined, and whose values in terms of resist- 
ance, inductance and electrostatic capacity will be given. 

In the calculation of series circuits, the circuit constants usu- 
ally employed are the impedance, reactance, and effective re- 
sistance of each branch. In the calculation of parallel circuits, 
the circuit constants usually employed are the admittance, 
susceptance and effective conductance of each branch. 

These circuit constants take into account only the energy 
which is dissipated as heat and that which surges back and forth 
from the electric circuit to the magnetic and electric fields within 
and surrounding the circuit. When there is a transformation 
of electric energy into mechanical work, or conversely, or when 
there is a transfer of electric energy from one circuit to another 
by mutual induction, such transformation or transfer of energy 
is most conveniently expressed in terms of the electromotive 
forces which produce or which oppose it. 

175. Reactance and Impedance of a Coil to a Sine-wave 
Current. — As shown in Article 126, the voltage drop through a coil 
of constant resistance r and constant self-inductance L (see Fig. 
135), when the only source of electromotive force in this coil is 
the varying magnetic field due to the current i in it, is 

v = ri+Lj t (1) 
103 
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where i is the value of the current at the particular instant under 
consideration. The voltage drop v given by this expression is 
through the coil in the direction of the current i. 

In the special case when the current is a sine-wave current of 
frequency / and r.m.s. value Z, its value at each instant may be 
written 

i = y/2 I sin (2 nft — 0<) (2) 

where 0* is the phase angle of this current referred to any arbi- 
trarily chosen instant of time. 

The voltage drop through the coil, in the direction of the cur- 
rent, due solely to its resistance , is then 

ri = \/2 (rl) sin (2 irft — 0<) 


i-V2I dn (21T/1 ) 



Fig. 135. — Vector diagram for a coil. 


Comparing this expression with equation (2), it is seen that the 
r.m.s. value of this resistance drop is equal to the product of the 
resistance r by the r.m.s. value I of the current, and is in phase 
with the current. 

The voltage drop through the coil, due solely to its inductance , 
is 

= y/2 ( 2wfLI ) cos (2wft — 0{) 

= y/2 (2 t/LI) sin (2wft — 0* + 

Comparing this expression with equation (2), it is seen that the 
r.m.8. value of this “inductive” drop is equal to the product 
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of the quantity (2 jfL) by the r.m.s. value I of the current, and 

1C 

leads the current by ^ radians , or 90 degrees . 

The total voltage drop through the coil is then equal to the 
vector sum of two vectors of lengths rl and (2 t/L 7), and which 
differ in phase by 90 degrees, as shown in Fig. 135. The r.m.s. 
value of the resultant voltage drop through the coil is therefore 

V = I Vr 2 + (2 icfLY (3) 

and this voltage drop (in the direction of the current in the coil) 
leads the current by the angle 

0 - tan-' (4) 

The quantity (2* fL), namely, the self-inductance of the coil 
multiplied by 2t times the frequency of the current established 
through it, is called the “reactance” of the coil. Reactance is 
usually represented by the smybol x. Hence the reactance of a 
coil of constant self-inductance L, to a sine-wave current whose 
frequency is / cycles per second, is 

x = 2icfL (5) 

The product of the reactance x by the r.m.s. value of the cur- 
rent I in the coil, viz., the product xJ, is then equal to the r.m.s. 
value of the drop of voltage through coil due to its inductance. 
This component of the total voltage drop through the coil is 
therefore commonly referred to as the “reactance drop” in the 
coil. The other component of the total voltage drop, viz., 
the component rJ, is called the “resistance drop.” Note particu- 
larly that the resistance drop is in phase with the current, whereas 
the reactance drop leads the current by 90 degrees . 

The student should note carefully that, although the self-in- 
ductance of a coil may be strictly a constant, its reactance , and there- 
Sore the reactance drop , varies directly as the frequency of the current . 
In fact, a coil which has practically negligible reactance to low- 
frequency currents (25 or 60 cycles per second) will have a rela- 
tively enormous value to the high-frequency currents (100,000 
cycles per second or more) used in wireless telegraphy. Also note 
that, except as the intensity of the current may affect the reluc- 
tance of the magnetic circuit of the coil, the reactance of a coil 
is independent of the r.m.s. value of the current, just as its resist- 
ance is independent of the current strength (provided the 
temperature remains constant). 
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In terms of the reactance x, ther.m.s. value of the total voltage 
drop, and the angle 0 by which the voltage drop leads the current, 
may be written 

V = W7 2 Ts* (6) 

and 

0 = tan -1 - (7) 

r 

The quantity \/r 2 + x 2 is called the “impedance” of the coil. 
Impedance is usually represented by the symbol z . Hence the 
impedance of a coil of resistance r and reactance x is 

Z = y/ r 2 + x 2 ( 8 ) 

Note from equation (6) that the impedance of a coil is also 
equal to the ratio of the r.m.s. value of the voltage across its 
terminals to the r.m.s. value of the current through it. The 
impedance of a coil to a current of a given frequency is therefore 
readily determined experimentally by impressing across its ter- 
minals a sine-wave voltage of the given frequency, and noting 
the reading V of a voltmeter connected across its terminals and 
the reading I of an ammeter in series with it. The impedance 
is then 

V 

z = j (8a) 

Both reactance and impedance are of the same “dimensions” 
as resistance, viz., potential difference divided by current. The 
practical unit of reactance and impedance is therefore the ohm. 

From Fig. 135 it is evident that the resistance drop rl is the 
active component of the impressed voltage V. Hence the aver- 
age power input to the coil is 

P = (rJ) X / = rP (9) 

This power input is identical with the power input correspond- 
ing to an equal current / in a non-inductive resistance r. The 
energy corresponding to this power all goes into heat. Note 
that this relation is identical with Joule’s Law for a direct current 
(see Article 35). In fact, irrespective of the wave form of an 
alternating current, the average rate at which heat is developed 
by it in a conductor of resistance r is always r/ 2 , where I is the 
r.m.s. value of the current. 

Due to the eddy currents produced in a conductor by the 
varying flux which accompanies an alternating current, the dis- 
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tribution of an alternating current in a conductor is in general 
different from the distribution of a direct current in this conduc- 
tor. On this account, the resistance of a conductor to an alter- 
nating current is in general greater than its resistance to a direct 
current. However, equation (9) may always be used as a basis 
for the experimental determination of the alternating-current 
resistance of a coil, for the average power input to the coil may 
always be measured by means of a wattmeter. That is, calling 
P the wattmeter reading, then the resistance of the coil to the 
given alternating current is 

r = -ji (9a) 

(Note: This expression for the alternating-current resistance of 
a coil is applicable only when the total energy input to the coil 
appears as heat energy (see Article 178)). 

The difference between the alternating-current resistance, or 
“effective” resistance, of a conductor and its direct-current, or 
“ohmic” resistance, is usually inappreciable for ordinary sizes of 
wire (No. 0000 A. W. G. and smaller), provided the frequency is 
less than 60 cycles per second, and there is no iron in the mag- 
netic field produced by the current. Under these conditions the 
alternating-current resistance of a conductor, whether straight 
or wound into a coil, may be taken equal to its ohmic resistance. 

When both the impedance and resistance of a coil to a sine- 
wave current of a given frequency are known, its reactance at 
this frequency may be calculated from the formula 

* = - r 2 (10) 

The self-inductance of the coil may then be found by dividing 
this reactance by 2 w times the frequency /. 

Problem 1. — A coil has a constant resistance of 5 ohms and a constant 
self-inductance of 0.02 henry. 

(a) What is the reactance of this coil to a 60-cycle current? ( b ) To a 
25-cycle current? (c) What is its impedance to a 60-cycle current? ( d ) 
To a 25-cycle current? (e) What is the power factor of the coil to a 60-cycle 
current? (f) To a 25-cycle current. ( g ) An alternating current whose r.m.s. 
value is 3 amperes is established through the coil. What is the average 
rate at which heat is dissipated in it? ( h ) Does this average rate of dissipa- 
tion of heat depend on the wave form or frequency, assuming the resistance 
to be constant? 
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Answer. — (a) 7.54 ohms. (6)3.14 ohms, (c) 9.04 ohms, (d) 5.90 ohms. 
(«) 55.3 per cent. (/) 84.7 per cent, (g ) 45 watts. ( h ) No. 

Problem 2. — A certain two-wire transmission line is 50 miles long. The 
wires are No. 000 A.W.G. stranded copper, and are spaced 4 feet between 
centers. 

(a) What is the total resistance of this line? (6) What is the total self- 
inductance of the loop formed by the two wires? (c) What is the total react- 
ance of the line to a 60-cycle sine-wave current? (d) What is the total 
impedance of the line to this current, (e) What will be the total voltage 
drop in both wires of the line when the current is 75 amperes? (/) What 
will be the difference in phase between this voltage drop and the current? 

Answer. — (a) 33.9 ohms, (b) 0.184 henry, (c) 69.3 ohms, (d) 77.1 
ohms, (e) 5780 volts, (f) The voltage drop leads the current by 64 degrees. 

Problem 3. — A certain air-core solenoid is Connected to a source of 60- 
cycle, sine-wave voltage, and a voltmeter, ammeter, and wattmeter are 
connected to read the voltage impressed on the coil, the current taken by it, 
and the power absorbed by it. The readings of the three instruments are 
respectively 105 volts, 7.9 amperes, and 320 watts. 

(a) Draw a diagram showing the connections of the instruments. (6) 
What is the impedance of the coil? (c) Its resistance? (d) Its reactance? 
(e) Its self-inductance? (f) Draw a vector diagram showing the phase 
relation of the current and voltage. 

Answer. — (6) 13.3 ohms, (c) 5.12 ohms, (d) 12.3 ohms, (e) 0.0326 
henry. 

176. Susceptance and Admittance of a Condenser to a Sine- 
wave Voltage. — As shown in Article 156, the total current which 
flows into the A plate of a condenser of constant capacity C and 
constant leakage conductance g (see Fig. 136), when a drop of po- 
tential v is established through it from its A plate to its B plate, is 

i = gv + Cji (11) 

The component of the current represented by the term gv is the 
leakage current of the condenser, and the component represented 

by the term C ^ is the charging current. 

In the special case when the voltage across the condenser is 
a sine-wave voltage of frequency / and r.m.s. value V, its value 
at any instant may be written 

v = y/2 V sin (2i rft — 6 V ) (12) 

where 6 V is the phase angle of this voltage referred to any arbi- 
trarily chosen instant of time. 
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The leakage current through the condenser, in the direction of 
the voltage drop, is then 

gv = y/2 (i gV ) sin (2 rft - 0 V ) 

Comparing this expression with equation (12), it is evident that 
the r.m.s. value of the leakage current is equal to the product 
of the leakage conductance g by the r.m.s. value V of the im- 
pressed voltage, and is in phase with this voltage. 

The charging current of the condenser is 

cf t = \ / 2 (2 r/CV) cos (2 irft - 0 V ) 


The r.m.s. value of the charging current is therefore equal to the 


A 


B 


V — yTz V sin (2 * ft - B p ) 



Fig. 136. — Vector diagram for a condenser. 


product of the quantity (2ir/C) by the r.m.s. value V of the 

TC 

impressed voltage, and leads this voltage by ^ radians or 90 
degrees. 

The total current which flows into the condenser is then equal 
to the vector sum of two vectors of lengths gV and (2 irfCV), 
and which differ in phase by 90 degrees, as shown in Fig. 136. 
The r.m.s. value of this total current is therefore 


/ = V VFT _ (2t/C) s (13) 


and this current leads the voltage drop through the condenser by 
the angle 


0 = tan -1 


2tt/C 

9 


(14) 
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The quantity ( 2irfC), namely, the capacity of the condenser 
multiplied by 2t times the frequency of the impressed vol- 
tage, is called the “susceptance” of the condenser. Susceptance 
is usually represented by the symbol b. Hence the susceptance 
of a condenser of constant capacity C, to a sine-wave voltage 
whose frequency is / cycles per second, is 1 

b = 2wfC (15) 

The product of the susceptance b by the r.m.s. value V of the 
voltage impressed on the condenser, viz., the product bV, is 
then equal to the r.m.s. value of the charging current of the 
condenser, just as the product gV gives the r.m.s. value of the 
leakage current. Note particularly that the leakage current 
is in phase with the impressed voltage, whereas the charging 
current leads the impressed voltage by 90 degrees . 

The student should note carefully that, although the capacity 
of a condenser may be strictly a constant, its susceptance , and 
therefore its charging current , varies directly as the frequency 
of the impressed voltage. In fact, a condenser whose charging 
current is practically inappreciable at low frequencies (25 or 
60 cycles per second) will take a relatively very large charging 
current when the frequency is of the order of magnitude (100,000 
cycles per second or more) of those used in wireless telegraphy. 

In terms of the susceptance 6, the r.m.s. value I of the total 
current taken by the condenser, and the angle 0 by which this 
current leads the impressed voltage, may be written 

I = V y/g 2 + b 2 (16) 

and 

0 = tan- 1 ^ (17) 

The quantity y/g 2 + b 2 is called the “admittance” of the 
condenser. Admittance is usually represented by the symbol y. 
Hence the admittance of a condenser whose leakage conductance 
is g and whose capacity is C is 

V = Vg^+T 2 (18) 


1 This is the capacity susceptance of the condenser. The effective sus- 
ceptance of a condenser is 

b = - 2t rfC 

(See Article 179.) 
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Note from equation (16) that the admittance of a condenser 
is also equal to the ratio of the r.m.s. value of the total current 
taken by it to the r.m.s. value of the voltage impressed across 
its terminals. The admittance of a condenser to a voltage of 
given frequency is therefore readily determined experimentally 
by measuring the r.m.s. value I of the current taken by the con- 
denser when a voltage of this frequency and known r.m.s. value 
V is impressed across its terminals. The admittance is then 
given by the formula 

y = y (18 o) 

Both susceptance and admittance have the same “ dimensions * 9 
as conductance, viz., current divided by potential difference. 
The practical unit of susceptance and admittance is therefore 
the mho. 

Prom Fig. 136 it is evident that the leakage current gV is 
the active component of the total current /. Hence the average 
power input to the condenser is 

P = V X (gV) = gV* (19) 

This power all appears as heat, since the energy stored in the 
electric field of the condenser during one quarter of each cycle 
(while the voltage is increasing) is given back during the next 
quarter-cycle (while the field is decreasing). 

As noted in Article 155 when an alternating voltage is im- 
pressed on a condenser whose dielectric is not perfectly 
homogeneous, the energy dissipated in the dielectric as heat is 
greater than that which would be dissipated in it due to the 
leakage current established through it by an equal constant 
voltage. This fact is most conveniently taken into account 
by considering the conductance of a condenser to an alternat- 
ing voltage as greater than the conductance to a constant 
voltage, and to use the relation expressed by equation (19) as 
the basis for the definition of its “effective” conductance. 
That is, calling P the average power input to the condenser, as 
read by a wattmeter, when a sine-wave voltage of given 
frequency and given r.m.s. value V is impressed across its 
terminals, the effective conductance of the condenser is 
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Compare with the corresponding expression, equation (9a), 
for the effective resistance of a coil. 

When both the admittance and effective conductance of a 
condenser to a sine-wave voltage are known, its susceptance at 
this frequency may be calculated from the formula 

b = (20) 

The capacity of the condenser may then be found by dividing 
this susceptance by times the frequency. 

Problem 4. — (a) What is the capacity of the condenser formed by the 
two wires of the transmission line described in Problem 2 o the last article? 
(6) What is the susceptance of this condenser to a 60-cycle sine-wave voltage? 
(c) What is the r.m.s. value of the charging current taken by the line if the 
voltage between the wires has an average r.m.s. value of 45,000 volts? 

Answer. — (a) 0.42 microfarads. (6) 0.000158 mho. (c) 7.1 amperes. 

Problem 5. — A certain condenser is connected to a source of 60-cycle, 
sine-wave voltage, and a voltmeter, ammeter and wattmeter are connected 
to read the voltage impressed on it, the current taken by it, and the power 
absorbed by it. The readings of the three instruments are respectively 
1200 volts, 1.7 amperes, and 78 watts. 

(a) What is the admittance of the condenser? (6) Its effective conduct- 
ance? (c) Its susceptance? (d) Its capacity? Draw a vector diagram 
showing the phase relation of the current and voltage. 

Answer . — (a) 1416 micromhos. (6) 54.1 micromhos, (c) 1416 micro- 
mhos. (d) 3.76 microfarads. 

177. Skin-effect. — As has been noted several times, the dis- 
tribution of an alternating current in a conductor is in general 
different from that of a direct current. This phenomenon is 
due to the unequal electromotive forces set up in the different 
stream lines of the current by the varying magnetic flux within 
the substance of the conductor (see Article 118). In the particular 
case of a conductor in which the only appreciable magnetic field 
is that due to the current within this particular conductor, the 
effect of this internal varying flux is usually referred to as the 
“skin effect . ” This name arises from the fact that the magnetic 
flux tends to drive the current out toward the surface, or “skin, ” 
of the conductor. 

Consider the particular case of a cylindrical conductor, e.g., a 
round wire. As shown in Article 98, the magnetic lines of force 
within such a conductor due to the current in it are circles con- 
centric with its axis. The axis of the conductor is therefore 
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linked by all the internal flux. A 'stream line in the surface of the 
conductor is linked by none of this internal flux. Hence when 
the current in the conductor varies, the back electromotive force 
induced in the axis of the conductor is greater than the back 
electromotive force induced in the stream lines near its surface. 
Consequently, a given potential difference established between 
the ends of the conductor will cause less current to flow through 
unit area at the axis of the conductor than will flow through unit 
area near its surface. 

The increase in the resistance of a cylindrical conductor due 
to this skin effect may be calculated, but the calculation is too 
complicated to be given here. See the article on Skin Effect in 
Pender’s Handbook for Electrical Engineers . The effect increases 
both with the frequency and cross-section of the conductor, and is 
less for conductors of low conductivity than for those of high 
conductivity, e.g ., is less for aluminum than for copper. The 
skin effect in an ordinary stranded cable is practically the same 
as in a solid wire of the same size. Due to their high magnetic 
permeability, the effect in iron and steel conductors is much 
more pronounced than in non-magnetic conductors. 

The magnitude of the skin effect, and its dependence upon the 
frequency and cross-section of the conductor, is illustrated by the 
following values for the ratio of the alternating current resistance 
to the direct resistance of a straight, round copper wire in which 
the internal magnetic field is due solely to the current in this 
particular wire. This condition is closely approximated in an 
overhead transmission line. 


Ratio of Alternating-current to Direct-current Resistance; 
Straight, Round, Copper Wire 


Sine of 
Wire 

Cycles per second 

25 

60 

500 

1000 

100,000 

1,000,000 

No. 10 A. W. G 

1.00 

1.00 

1.00 

1.00 

3.02 

10.0 

No. 0 A. W. G 

1.00 

1.00 

1.07 

1.26 

10.0 

31.3 

No. 0000 A. W. G.... 

1.00 

1.00 

1.24 

1.63 

14.0 

43.6 

600,000 CM 

1.00 

1.02 

1.76 

2.38 

21.3 | 

67.0 

1,000,000 CM.. 

1.02 

1.09 

2.38 

3.26 

30.0 

94.6 


The skin effect also causes the self-inductance of a conductor 
to an alternating current to be less than its self-inductance to a 
8 
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direct current, but the variation in inductance is much less than 
the variation in resistance, and may usually be neglected. 

178. Effective Resistance, Effective Reactance, and Impedance. 
— The definitions of reactance and impedance given in Article 
175, as there stated, apply only to the special case of a coil. 
These terms are, however, used in a much more general sense, 
for they may be readily defined in such a manner as to be applic- 
able to any portion of an electric circuit, whether a coil or a 
condenser, or to a combination of coils and condensers. These 
general definitions are applicable not only to actual sine-wave 
currents and voltages, but also to the sine-wave voltages and 
currents equivalent to non-sinusoidal currents and voltages (see 
Article 170). 

In general, the varying magnetic flux which accompanies an 
alternating current in a given electric circuit not only tends to 
set up eddy currents in the conductors which form this circuit, 
but also in every other conductor in its vicinity. Both the 
unequal distribution of current produced thereby, and the actual 
eddy currents produced in the other conductors (such as an 
iron core) in the path of the flux, cause a dissipation of heat 
energy in excess of that which would be produced by an equal 
direct current. 

Also, when there is iron or other ferromagnetic substances in 
the magnetic field established by the current, a certain amount of 
heat energy is dissipated in the iron, due to hysteresis. Again, a 
varying electric field in a dielectric is accompanied by a dissipa- 
tion of heat energy due not only to the direct-current resistance 
of this dielectric, but also to dielectric hysteresis. 

The total dissipation of heat energy due to all these causes 
may be conveniently taken into account by considering each 
portion of a circuit (e.g. } coil or condenser) as having an “effective ” 
resistance of such a value, that the product of this resistance by 
the square of the current in the circuit is equal to the average 
rate at which heat energy is dissipated in this particular portion 
of the circuit and in the magnetic and electric fields within and 
surrounding it. This idea may be expressed mathematically as 
follows: Let I be the r.m.s. value of the total current in any 
given portion of a circuit, and let Pa the average rate at which 
heat energy is developed (1) in the conductors which form this 
portion of circuit and (2) in the surrounding magnetic and 
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electric fields, 
of circuit is 


Then the effective resistance of the given portion 



( 21 ) 


This definition of effective resistance is applicable irrespective 
of the frequency and wave shape. The value of the effective 
resistance, however, does in general depend upon both these 
factors. When the magnetic field contains iron or other ferro- 
magnetic substances the effective resistance also depends upon 
the strength of the current. However, in most practical cases, 
the variation in the value of the effective resistance with the 
current strength is comparatively slight. In the particular case 
of a linear conductor (e.g., transmission line) or coil in which 
there is no skin effect or eddy currents or hysteresis, the effec- 
tive resistance is of course equal to the ohmic, or direct-current 
resistance (see Article 174). 

In Article 175 the impedance of a coil was defined as the ratio 
of its terminal voltage to the current through it. This definition 
may also be applied to any portion of an electric circuit, whether 
a coil or condenser, or to a combination of coils and condensers. 
That is, by the impedance z of any portion of an electric circuit 
is meant the factor by which the r.m.s. value I of the current 
in this circuit must be multiplied in order to give the r.m.s. 
value V s of that portion of the voltage drop through it due 
solely to its resistance , self-inductance and capacity, viz., 


z = 


Vs 


( 22 ) 


When there is in the given portion of the circuit an electro- 
motive force of r.m.s. value E, due to mutual induction (as in a 
transformer), or to the cutting of lines of magnetic force (as in a 
motor or generator) the total voltage drop is not zl , but is the 
vector sum of zl and this “external” electromotive force, viz., 


V = E + z I 


(22 a) 


In this equation the positive sense of the electromotive force 
E is taken the same as the positive sense of the current J. When 
the positive sense of the electromotive force E is taken opposite 
to that of the current I, the terminal voltage V is the vector 
difference of E and the impedance drop zl, viz., 

V = E-zI (22 b) 


Digitized by (^.ooQle 



1 16 ELECTRICITY AND MAGNETISM FOR ENGINEERS 


Compare with equation (6a) and (6) of Article 40 for a receiver 
and source of electric energy respectively. Also compare (226) 
with the equation (40a) of Article 128 for the instantaneous value 
of the terminal voltage of an alternator. 

The drop of potential V M in any portion of an electric circuit 
due to its impedance is called the “ impedance drop” in this 
portion of the circuit. The impedance drop V M is , as a rule , 
not in phase with the current . However, the impedance drop 
may always be considered as made up of two components, one 
in phase with, and the other in quadrature with, the current. 
The product of the r.m.s. value of the current by the r.m.s. 
value of the active component of the impedance drop is always 
equal to the average rate at which heat is developed due to the 



effective resistance r of the portion of the circuit under con- 
sideration. Consequently, from equation (21), calling 0 the 
angle by which the impedance drop leads the current (Fig. 137), 
then 

(F, cos 0) I = rl l 
or 

V t cos 0 = r J (23) 

That is, the component of the impedance drop in phase with 
the current is always equal to the product of the current by 
the effective resistance of the portion of the circuit under con- 
sideration. This component is therefore equal to the effective 
resistance drop. 

The other component of the impedance drop, namely, the 
component which leads the current by 90 degrees (see Fig. 137), 
is called the effective reactance drop. 
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The ratio of the r.m.s. value of this effective reactance drop 
to the r.m.s. value of the current is called the effective reactance. 
That is, calling x the effective reactance of any given portion 
of a circuit, the component of the impedance drop in quadrature 
with the current is 

V, sin 0 = xl (23 a) 

Combining equations (22), (23) and (23a), it is evident that the 
equivalent reactance may always be determined from the im- 
pedance z and effective resistance r by the formula 

x = V* 2 - r 2 (24) 

From the general definition given above, equation (23a), 
it is evident that the equivalent reactance of a given portion 
of a circuit may have either a positive or negative value, ac- 
cordingly as the current lags or leads the impedance drop. When 
the given portion of the circuit is a coil of appreciable inductance, 
the current always lags the impedance drop. Consequently a 
coil has a positive reactance. When the given portion of circuit 
is a condenser, the current leads the voltage drop through it 
(see Fig. 136). Consequently a condenser has a negative 
reactance. 

Problem 6. — Calculate from the test data given in Problem (5), Article 
176, (a) the impedance, (b) the effective resistance, and (c) the effective 
reactance of the condenser there described. 

Answer. — (a) 706 ohms. (6) 27 ohms, (c) —706 ohms. 

179. Effective Resistance, Effective Reactance and Impedance 
of a Condenser. — Consider a condenser of capacity C and effect- 
ive leakage conductance g . As shown in Article 176, the ratio 
of the total current I taken by such a condenser to the voltage 
V across its terminals, i.c., the admittance of the condenser, is 

y - y = V? + (2 rfcy* 

where / is the frequency of the impressed voltage. The impe- 
dance of this condenser, namely, the ratio of the impressed voltage 
to the total current taken by it, is therefore 

V 1 

z= T~ Vg* + (2ir/C) 2 (25) 

Also, as shown in Article 176, the heat dissipated in the con- 
denser is gV 2 . Consequently from equation (21), the effective 
resistance of the condenser is 
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r -«Yl- l 

P g*+ (2»/C)* 


(25a) 


Therefore, from equation (24), noting that the current leads 
the voltage drop (Fig. 136), the effective reactance of the con- 
denser is 

x Vz* — r* = gi + (^/C)* ( 256) 

When the effective leakage conductance is negligible, as it 
usually is when the frequency is 60 cycles or less, the above ex- 
pressions for the impedance, effective resistance and effective 
reactance of a condenser become respectively 


II 

to 

(25c) 

r = 0 

(25d) 

X “ “ 2 t/C 

(25c) 


180. Effective Conductance, Effective Susceptance and Ad- 
mittance. — As shown in Article 177, the ohmic resistance, self- 
inductance and capacity of a given portion of a circuit, together 
with the heat losses in the magnetic and electric fields established 
by a current in it, may be conveniently expressed in terms of 
the three quantities — effective resistance, effective reactance, and 
impedance. This method of expression is always employed in 
any problem which has to do with two or more alternating-cur- 
rent circuits in series (see Article 181). However, in any problem 
involving two or more alternating-current circuits in parallel, it 
is usually more convenient to express these properties of each 
circuit in terms of the effective conductance, effective susceptance, 
and admittance of this circuit. 

By the admittance y of any portion of a network, whether a 
coil or a condenser, or a combination of coils and condensers, is 
meant the reciprocal of its impedance, viz., 

1 

» = - 

The admittance is therefore equal to the current divided by 
the impedance drop. Or, when there is in the circuit no source of 
electromotive force other than that due to the self-inductance or 
capacity of the circuit, the admittance is equal to the total current 
in this circuit divided by the voltage between its terminals. 
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By the effective conductance g of any portion of a network is 
meant the factor by which the r.m.s. value V of the impedance 
drop in it must be multiplied in order to give the component 
of the total current in phase with this impedance drop. That 
is, calling 6 the angle by which the total current lags the impe- 
dance drop, then 

I cos 0 = gV, (26) 

Compare with equation (23). 

vl T I 1 

Since, from Fig. 137, cos 6 = = -> and since y = -, it 

follows that the effective conductance is also 

V r 

9 ~ z 2 ~ r 2 + x 2 

where r is the effective resistance and x the effective reactance 
of the given portion of circuit. 

Also, since the average power input to a circuit is equal to the 
product of the terminal voltage by the in-phase, or active, com- 
ponent of the current, it follows that when the total voltage drop 
V through the circuit is equal to the impedance drop V x , then 

g = y (27) 

where P* is the average power input to the circuit, all of which 
appears as heat. Compare with equation (21), and also with 
equation (19a). 

By the effective susceptance b of any portion of a network is 
meant the factor by which the r.m.s. value V M of the impedance 
drop in it must be multiplied in order to give the component of 
the total current which lags this impedance drop by 90 degrees. 
That is, calling 6 the angle by which the total current lags the 
impedance drop, then 

I sin 6 = bV s (28) 

Compare with equation (43a). 

xl x I 1 

Since, from Fig. 137, sin 0 = = -» and since y- = -» it fol- 

lows that the effective susceptance is also 

x x 
° ~ 2 * “ r r +x i 
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where r is the effective resistance and x the effective reactance 
of the given portion of the network. 

Note that the effective susceptance, as thus defined, has the 
same algebraic sign as the effective reactance x . Consequently, 
the effective susceptance of a condenser is negative, viz., is equal 
to — 2a/C, where C is the capacity of the condenser and/ the fre- 
quency. To avoid confusion, therefore, the quantity 2irfC is 
called the capacity susceptance of the condenser, as distinguished 
from its effective susceptance — 2wfC. 

To sum up : when the impedance z, the effective resistance r, 
and the effective reactance x of any portion of a network are 
given, then the admittance y , the effective conductance g, and the 
effective susceptance b are respectively 


1 

y = z 


(29) 

II 

II 

r 

(29a) 

r 2 + x 2 

b = — = 
z 2 

X 

(296) 

r 2 + x 2 


From these relations it also follows that in terms of y , g and 6, 
the values of z, r and x are respectively 

1 


z = 


y 

r = — „ = 


j/ 2 g 2 + 6 2 


x = — = 


y 2 g 2 + 6 2 


(30) 

(30a) 

(30c) 


Compare with equations (25) to (256) for the special case of a con- 
denser. 

Note also that the angle by which the impedance drop leads the 
current (or by which the current lags the impedance drop) is 


6 = tan_1 (*) = tan -1 Q (31) 

Also note that when the effective reactance is positive, the effect- 
ive susceptance is also positive, and the power-factor angle 
6 is positive, i.e. y the impedance drop leads the current. When 
the effective reactance is negative, the effective susceptance is 
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also negative, and the power factor angle 6 is negative, i.e ., the 
impedance drop lags the current. 

Problem 7. — The armature winding of a single-phase alternator is 
short-circuited, and the machine is driven at normal speed, the field excita- 
tion being reduced so that the current produced is not sufficient to overheat 
the armature. The power required to drive the machine is 25 kilowatts, 
5 kilowatts of which is expended in overcoming mechanical friction and 
windage. The armature current is 75 amperes, and the electromotive 
force generated in the armature winding due to its rotation in the magnetic 
field is 1250 volts. 

(a) What is the relation between the electromotive force generated in 
the armature winding and the impedance drop in this winding? (6) What 
is the impedance of the armature winding? (c) Its effective resistance? 
(d) Its effective reactance? (e) Its admittance? (f) Its effective conduc- 
tance? (g) Its effective susceptance? (h) What is the phase angle between 
the current and the impedance drop in the armature? (t) Draw to scale a 
vector diagram showing the components of the impedance drop in phase with, 
and in quadrature with, the current, (j) Draw to scale a vector diagram 
showing the components of the current in phase with, and in quadrature 
with, the impedance drop. 

Answer . — (a) The impedance drop is equal to and in phase with the 
generated electromotive force, for, since the terminal voltage is zero, the 
rise of potential in the direction of the current due to the generated electro- 
motive force must be at each instant equal to the drop of potential in this 
same direction due to the impedance of the armature, (b) 16.6 ohm. 
(c) 3.55 ohm. (d) 16.2 ohm. (e) 0.06 mho. (f) 0.0128 mho. (g) 0.0586 
mho. ( h ) 77.5 degrees. 

181. Impedances in Series. — Any portion of an alternating- 
current circuit or network which possesses the property of 
resistance, inductance or capacity may be conveniently referred 
to as an impedance, just as a portion of a direct-current network 
which possesses the property of resistance is called a resistance. 
Two or more impedances, i.e., two or more portions of a circuit 
or network, are said to be in series when the same alternating 
current flows through each. Similarly, two or more impedances 
are said to be in parallel when the same voltage is established 
across the terminals of each. 

The relations given below are deduced on the assumption 
that all currents and voltages in the circuit or network are sinus- 
oidal, i.e., that the wave forms of the currents and voltages are 
sine waves. When the currents and voltages are non-sinusoidal, 
but alternate between equal positive and negative maximum 
values, these relations, though not strictly applicable, will, in 
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most practical cases, give sufficiently accurate results, provided 
the non-sinusoidal currents and voltages are considered as 
equivalent to sine-wave currents and voltages of the same r.m.s. 
values, and differing in phase by the equivalent phase difference, 
as defined in Article 170. 

Consider two or more impedances zi, z*, etc., in series (Fig. 138), 
and let r h r 2 , etc., be the effective resistances of the several im- 



ril 

Fig. 138. — Impedances in series. 


pedances and xi, x*, etc., the effective reactances of these impe- 
dances. Let I be the r.m.s. value of the current in each impedance. 
Then, since the current in each impedance is the same, the resist- 
ance drops riJ, r 2 /, etc., in the several impedances are all in 
phase with each other, since they are all in phase with the current 
Also, the reactance drops X\I, xj, etc., in the several impedances 
are all in phase with each other, since each leads the current 
by 90 degrees . 


Digitized by v^ooQle 



IMPEDANCE AND ADMITTANCE 


123 


Hence the several impedances in series are equivalent to a 
single impedance Z of such a resistance R that the resistance 
drop in this impedance is 

RI = rj + rj[ + etc. 

and of such a reactance X that the reactance drop in this im- 
pedance is 

XI — Xi I + xj + etc. 

Whence, dividing each of these expressions by 7, the several 
impedances in series are equivalent to a single impedance Z 
whose resistance R is the arithmetical sum of the resistances 
of the several impedances, viz., 

R = ri + r 2 + etc. (32) 

and whose reactance X is the algebraic sum of the reactances of 
the several impedances, viz., 

X = X\ -f- X 2 "b etc. (32a) 

Note that equation (32) is an arithmetical sum, since resistances 
are always positive. On the other hand, since a reactance may 
be positive or negative (i.eJ, inductive or condensive), equation 
(32a) is an algebraic summation. 

The value of the impedance Z equivalent to the several im- 
pedances in series is then 

Z = VR 2 + X 2 (33) 

where R and X are given by (32) and (32a) respectively. The 
power-factor angle of this impedance is 

0 = tan- 1 ^ (33a) 

From the relations just deduced it is evident that impedances 
in series in an alternating-current circuit cannot be treated as 
resistances in series in a direct-current circuit. Impedances can 
be combined only by resolving them into their resistances and 
reactances, they MUST NOT be added arithmetically. 

The effect of an impedance in series with a load of any kind, 
whether a simple impedance or a transformer or motor, may also 
be determined from a vector diagram of the type shown in Fig. 
138. For example, suppose it is desired to find the voltage V a 
at the sending end of single-phase transmission line (see Fig. 139) 
required to maintain a voltage V at the terminals of a load con- 
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nected to the other end of the line, when the current taken by 
this load is I amperes and lags the voltage drop through the load 
by the angle 6. Let r be the total resistance and x the total 
reactance of the line (both wires). Then, since the resistance 
drop rl in the line is in phase with the current, and the reactance 
drop in the line leads the current by 90 degrees, the problem re- 
duces to the solution of the vector diagram shown in the figure. 



V COB 0 

Fig. 139. — Transmission line and load. 


From the diagram it is evident that the voltage at the sending 
end of the line is 

v B =Viy cos 0 + rl) 2 + (V sin 0 + xl ) 2 (34) 

and that the current lags this voltage by the angle 


a , . rF sin 0+xI 

6 0 = tan" 1 ^ ^ — T 
LF cos 6 + rl . 
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Numerical calculations by means of these formulas are greatly 
simplified by putting 


rl _ resistance drop in line 

V load voltage 

xl __ reactance drop in line 

V ~ load voltage 


(35) 

(35a) 


Then (34) and (34a) reduce to 


V 0 = V yj (cos 0 + A) 2 + (sin 6 + B ) 2 


6 0 = tan -1 


/ sin 0 + B \ 
\cos 0 + A/ 


(36) 

(36a) 


It should be carefully noted that the difference between the 
numerical values of the sending end and receiving end voltages, 
namely, the algebraic difference (V a — V), is not equal to the 
impedance drop zl in the transmission line. This is evident 
from Fig. 139. The difference between the numerical values 
of the sending and receiving end voltages is usually referred to 
as the voltage lost in the line. Hence the voltage lost in an alter- 
nating-current transmission line is NOT equal to the impedance 
drop in the line. 

Fig. 139 and the equations just deduced are also applicable to 
the calculation of the r.m.s. value and phase angle Q 0 of the gen- 
erated voltage V 0 (usually represented by the symbol E) in terms 
of its terminal voltage V, current output 7, power factor angle 6 
of the load supplied by an alternator, and the internal resistance 
r and internal reactance x of the armature winding; see also equa- 
tion (226), Article 178. It must not be forgotten, however, 
that this diagram and the equations deduced from it are all on 
the assumption of constant self-inductance and sine-wave currents 
and voltages. The assumption of constant internal self-induc- 
tance is only a rough approximation in the case of an 
alternator. 


Problem 8. — A coil which has a resistance of 5 ohms and a reactance of 2 
ohms is connected in series with a coil whose resistance is 1 ohm and whose 
reactance is 12 ohms. 

(a) What is the resistance and reactance of the single impedance equiva- 
lent to these two coils? ( b ) What is the numerical value of each of the two 
impedances? (c) What is the numerical value of the single impedance 
equivalent to these two? ( d ) What is the power factor angle of this equiva- 
lent impedance, (e) Draw to scale the vector diagram for this circuit when 
the current is 1 ampere. 
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Answer. — (a) 6 ohms and 14 ohms, (6) 5.38 and 12.04 ohms, (c) 15.25 
ohm. (d) 66.8 degrees. 

Problem 9. — A transmission line 25 miles long consists of two No. 0 
A. W. G. stranded copper wires, spaced 3 feet between centers. This 
line supplies a 60-cycle load of 1500 kilowatts at 25,000 volts. The power 
factor of the load is 75 per cent., the current lagging the voltage. The 
leakage and electrostatic capacity of the line may be neglected. 

(a) What is the voltage at the power station (sending) end? (6) What 
is the total load supplied to the line at the power station end? (c) What is 
the power factor of this total load? (d) What would be the voltage at the 
power station were the power factor at the load end of the line 75 per cent, 
as before, but the current leading, instead of lagging, the load voltage? 
(e) Under these conditions, what would be the power factor of the total 
load supplied to the line at the power station end? (J) Draw to scale vector 
diagrams for both cases, i.e., for the current lagging and for the current 
leading. 

Answer. — (a) 28,400 volts. (6) 1673 kilowatts, (c) 73.7 per cent, (d) 
25,000 volts. ( e ) 83.4 per cent. 

Problem 10. — The terminal voltage of a certain single-phase 60-cycle 
generator when delivering a current of 100 amperes at 90 per cent, power- 
factor lagging is 2200 volts. The armature winding has an effective re- 
sistance of 0.5 ohm and an effective reactance of 3 ohms (assumed constant). 
Assume sine-wave voltages and currents. 

(a) What is the r.m.s. value of the electromotive force generated in the 
armature winding due to its rotation? (6) What is the difference in phase 
between this electromotive force and the armature current? (c) What is 
the maximum value of this generated electromotive force, (d) If the field 
current is 5 amperes, what is the maximum value of the mutual inductance 
between the field winding and armature winding. 

Answer. — (a) 2390 volts. (6) 31.8 degrees, (c) 3380 volts. ( d ) 1.79 
henries. 


182. Coil and Condenser in Series. Resonance. — A special 
case of two impedances in series, which is of particular interest, 
is that of a coil in series with a condenser (Fig. 140). Let r 
be the resistance and L the self-inductance of the coil, let C be 
the capacity of the condenser, and let / be the frequency of the 
impressed voltage. The conductance of the condenser will be 
neglected. The inductance L and the capacity C are both 
assumed constant, and the current established in the circuit 
is assumed to have a sine-wave form. 


Under these conditions the reactance of the coil will be 2 wfL. 
The reactance of the condenser will be — ^ ~Jq* since the voltage 
drop through the condenser lags the current taken by it (see 
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Article 179). Since the conductance of the condenser is zero 
(by hypothesis), its effective resistance is likewise zero. 

Hence, when the current established is a sine-wave current, 
the coil and condenser in series are equivalent to a single impe- 
dance whose resistance is equal to the resistance r of the coil, 
and whose reactance is 

X = 2 irfL - 2 ^q ( 37 ) 

That is, the reactance of a coil and condenser in series is the 
difference between the inductive reactance of the coil and the 
capacity reactance of the condenser. 


rl 



Fig. 140. — Coil and condenser in series. 


The single impedance equivalent to the coil and condenser 
in series therefore has the value 

(37.) 

The sine-wave current established in such a circuit by a sine- 
wave voltage of r.m.s. value V will therefore have an r.m.s. value 

I= V Z ~ (38) 

where Z is given by equation (37 a). The angle by which the 
current lags the impressed voltage is 

6 = tan- 1 (38a) 

where X is given by equation (37). 
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These relations are all clearly shown by the vector diagram in 
Fig. 140. Note particularly the phase relations and relative 
magnitudes of the resistance drop in the coil, the reactance drop 
in the coil, and the voltage across the condenser. 

When the inductance L and capacity C are of such values that 


or when 


2tt/L = 


1 

2t rfC 


* 2jt\/ LC 


(39) 


the equivalent reactance X is zero. The current in the circuit 
will then have its maximum r.m.s. value, namely, 

= 7 (40) 

That is, when the condition expressed by equation (39) holds, 
the current in a coil and a condenser in series is exactly the same 
as would be established by the given sine-wave impressed voltage 
in a non-inductive resistance equal to that of the coil. The 
power factor of the circuit under these conditions is unity. A 
condenser in series with a coil may therefore be used to neutralize 
the effect of the self-inductance of the coil. The circuit is then 
said to be “in resonance” with the impressed voltage. 

The frequency / which gives maximum current in the circuit, 
for a given impressed voltage, is the natural frequency of the 
coil and condenser (see Article 158). Note the analogy with 
the motion of a body, which is free to vibrate, produced by a 
periodic force having a period equal to the free period of vibration 
of the body. For example, a heavy church bell may be caused 
to swing with large amplitude (corresponding to the maximum 
value of the current I) when a comparatively small force (cor- 
responding to the voltage V) is applied by the man pulling the 
rope, provided the successive applications of this force are in 
time with the free swings of the bell. 

It should be particularly noted that, although the resultant 
voltage across the resistance, inductance and capacity in series, 
is equal to r/, i.e., is the same as the voltage across the resistance, 
the voltage across the inductance or across the condenser may 
be many times this. For example, when the inductance L is 1 
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henry and the capacity C is 7.04 microfarads, and the frequency 
is 60 cycles, the reactance of the coil 2x X 60 X 1 = 377 ohms, 
and the capacity reactance of the condenser is 

Xe = 2ir X 60 X 7.04 X 10"* = 377 ° hm8- 

Hence the total reactance of the circuit is zero, and the circuit 
is therefore in resonance with the impressed voltage. 

When the resistance r is 1 ohm and the impressed voltage across 
the entire circuit is 100 volts, the current is 

100 

J = — — — = 100 amperes 

V(D* + (0)* 

The resistance drop in the coil is then 100 X 1 = 100 volts, 
and the inductive drop in the coil is 377 X 100 = 37,700 volts. 
The resultant voltage across the coil is then \/(100) 2 + (37,700) 2 
= 37,700 volts. The voltage across the condenser is likewise 
377 X 100 = 37,700 volts. This brings out in a striking manner 
the fundamental fact that alternating voltages cannot be added 
algebraically; they must be added vedoriaUy . 

The relations above deduced are all on the assumption that 
the inductance of the coil is a constant (no iron core) and that the 
wave-form of the impressed voltage is a sine-wave. When the 
coil has an iron core, or when the impressed voltage is not sinu- 
soidal, there will still be a certain frequency which will give 
maximum current, but the power factor of the circuit will not 
be unity. This is due to the fact that the reactance of the circuit, 
for a given value of the inductance and capacity, can be zero 
only to the fundamental, or to one of the harmonics, in the im- 
pressed voltage (see Article 213). 

It should also be noted that the relations above deduced do not 
apply to the transient effects produced in such a circuit (see 
Article 158) immediately after a voltage is impressed. 

Problem 11. — A coil which has a resistance of 0.1 ohm and a constant 
inductance of 0.3 henry is connected in series with a condenser whose 
capacity is 23.5 microfarads. A voltage in excess of 2000 volts will puncture 
the condenser. 

(a) What is the natural frequency of this circuit? (6) What is the 
r.m.s. value of the maximum 60-cycle, sine-wave voltage which may be 
impressed on the terminals of this circuit without rupturing the dielectric 
of the condenser? (c) What will be the current in the circuit under these 
9 
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conditions? (d) What will be the voltage across the terminals of the coil 
under these conditions? (e) What is the r.m.s. value of the maximum 25- 
cycle, sine-wave voltage which could be impressed on the circuit without 
puncturing the condenser? (J) What would be the current in the circuit 
under these conditions ? (g) What would be the voltage across the terminals 
of the coil? (A) Draw to scale a complete vector diagram for both (6) and 
(e). 

Answer. — (a) 60 cycks per second. (6) 1.77 volts, (c) 17.7 amperes. 
(d) 2000 volts, (c) 1653 volts. (J) 7.38 amperes, (g) 347 volts. 

Problem 12. — A sine-wave voltage of constant r.m.8. value of 1 volt is 
impressed on the circuit described in Problem 10, and the frequency of this 
voltage is varied (by changing the speed of the generator) from 50 cycles 
per second to 70 cycles per second. Plot to scale the current in the circuit 
against frequency as abscissas. Such a curve is called a “resonance 
curve/' 

183. Impedance in Parallel. — Just as two or more impedances 
in series are equivalent to a single impedance of definite resistance 
and reactance, so may two or more impedances connected in 
parallel be replaced by a single impedance, provided (1) that the 
resistance, self-inductance and capacity of each impedance 
is constant, (2) that the impressed voltage and the currents 
are sinusoidal, and (3) that there is no mutually induced electro- 
motive force, or electromotive force due to mechanical motion, 
in any one of these impedances. The value of this equivalent 
impedance will now be deduced. 

Referring to Fig. 141, let ri, r 2 , etc., be the effective resistances 
and xi 9 x 2 , etc. be the effective reactances of two or more impe- 
dances which are connected in parallel. The effective conduc- 
tances and susceptances of these impedances are then (see Article 
180). 

„ _ ri * _ xi 

gi n 2 + 61 n 2 + xx 2 

_ r 2 , _ x 2 

gi t 2 2 + x 2 2 2 r 2 2 + x 2 2 

Let V be the r.m.s. value of the voltage across each impedance. 

The current in each branch may be considered as made up of 
two components, one in phase with the voltage drop through it, 
and the other lagging this voltage drop by 90 degrees. From 
equations (26) and (28), the components in phase with the volt- 
age drop are respectively giV, g 2 V , etc., and the components 
which lag the voltage drop by 90 degrees are respectively b iV, 
b 2 V, etc. 
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Since the voltage drop is the same in each impedance, both 
in magnitude and phase, the total current through the several 
impedances has a component in phase with the voltage drop 
equal to 

(qi + 02 + etc.)! 7, 

and a component lagging this voltage drop by 90 degrees equal to 
(&i -f- &2 4" etc.)V 



These two components are exactly the same as would be produced 
by the same voltage V in a single impedance Z whose conductance 
is 

G = 0 i + (72 + etc. (41) 

and whose susceptance is 

B = Z>i Z >2 etc. (41a) 

The admittance corresponding to this equivalent impedance is 
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Y = y/G* + B * (416) 

The numerical value of this equivalent impedance is then 

Z = y (42) 

and its power factor angle is 

6 = tan -1 (42 a) 

The resistance and reactance of the equivalent impedance Z are 


Q 

R — — Z COS 0 ^j2 j 

(43) 

X — Z sin 6 — q 2 

(43a) 


In calculating the equivalent susceptance B , it must be 
remembered that a capacity susceptance is to be treated as 
negative quantity. Hence equation (41a) represents an algebraic 
summation. 

Problem 13. — A coil which has a resistance of 5 ohms and a reactance of 
2 ohms is connected in parallel with a coil whose resistance is 1 ohm and 
whose reactance is 12 ohms. 

(a) What is the effective conductance and susceptance of the single im- 
pedance equivalent to these two coils? (6) What is the admittance of this 
equivalent impedance, (c) What is the numerical value of this equivalent 
impedance? ( d ) What is its power-factor angle? (e) What is the resistance 
and reactance of this equivalent impedance? (f) Draw to scale the vector 
diagram for this circuit when the impressed voltage is 1 volt. Compare 
with Problem 8, Article 181. 

Answer. — (a) 0.1790 mho and 0.1524 mho. (6) 0.235 mho. (c) 4.25 
ohms, (d) 40.4 degrees, (e) 3.27 ohms and 2.75 ohms. 

184. Coil and Condenser in Parallel. Resonance. — A coil 
and condenser in parallel (see Fig. 142), like a coil and condenser 
in series, is a special case of two impedances of particular 
interest. Let r be the resistance and L the self-inductance of 
the coil, let C be the capacity of the condenser, and let / be the 
frequency of the impressed voltage. The conductance of the 
condenser will be neglected, and the resistance of the coil will 
be assumed small in comparison with its reactance. The induc- 
tance L and capacity C are both assumed constant, and the 
currents established are assumed to be sinusoidal. 
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Under these conditions the reactance of the coil is 2irfL. 
Hence its effective conductance and susceptance are respectively 


r 

91 ~ r* + (2 t r/L) 2 


and 


2? r/L 

1 r 2 + (2t r/L) 2 


since, by hypothesis, r is small in comparison with (2 t/L), 
these expressions may, to a close approximation, be written 


r 

91 ~ ( 2 TfLj* 


and 


b i 


1 

2tt/L 


The conductance and susceptance of the condenser are respec- 
tively 

02 = 0 and b 2 = — 2wfC 



Fio. 142. — Coil and condenser in parallel. 


Hence, when the currents established are sine-wave currents, 
the coil and condenser in parallel are equivalent to a single 
impedance whose conductance is 


T 

G = JwLy* 

and whose susceptance is 

B -2k- 2 « C 


(44) 

(44a) 


Compare with equation (37) for a coil and condenser in series. 
The coil and condenser in parallel is then equivalent to a single 
admittance whose value is 
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Y ~ '\/[( 27 r/L) 2 ] + Gt/L 2t * C ) (446) 

The r.m.s. value of the resultant current taken by such a 
circuit when a sine-wave voltage of r.m.s. value V is impressed 
is therefore 

I = YV (45) 

where Y is given by equation (446). The angle by which this 
resultant current lags the impressed voltage is 

0 = tan~i(|) (46) 

where G and B are given by equations (44) and (44a). These 

relations are all clearly shown by the vector diagram in Fig. 142. 

When the inductance L and capacity C are of such values 
that the natural frequency of the coil and condenser is equal to 
the frequency of the impressed voltage, namely, when 

f = 2 tVLC (47) 

the equivalent susceptance B is zero, just as the equivalent react- 
ance of the coil and condenser in series is zero (see Article 182). 
Under these conditions the resultant current has its minimum 
value, namely, 

rV 

Imin = (2tt/L) 2 ( 48 ) 

and is in phase with the impressed voltage. That is, when 
a coil and a condenser of constant resistance, inductance and 
capacity are connected in parallel, and are in resonance with a 
sine-wave impressed voltage, the current which is supplied to 
this circuit is a minimum , and the power factor is unity. 

It should be particularly noted, however, that although the 
resultant current is a minimum, the currents in the coil and con- 
denser may be many times greater than this resultant current. 
For example, when the inductance L is 1 henry and the capacity 
C is 7.04 microfarads, and the frequency is 60 cycles per second, 
the susceptance 6i of the coil is 0.00265 mho and the suscep- 
tance 6 2 of the condenser is —0.00265 mho. The resultant sus- 
ceptance B is then zero, and the circuit is therefore in resonance 
with the impressed voltage. When the resistance of the coil is 
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1 ohm, the effective conductance g , is 0.00000704 mho. Neg- 
lecting the conductance of the condenser, the total conductance 
G has this same value. 

When the voltage impressed on the circuit is 100 volts, the re- 
sultant current is then 

I = 100V(0.00000704) 2 + (0)* = 0.000704 ampere. 

The active, or in-phase, component of the current in the coil is 
0.00000704 X 100 = 0.000704 ampere, and the reactive com- 
ponent of the current in the coil is 0.00265 X 100 = 0.265 am- 
pere. The resultant current in the coil is then 

V (0.000704) 2 + (0.265)* = 0.265 ampere. 

The current taken by the condenser (i.e., its charging current) 
is likewise 0.00265 X 100 = 0.265 ampere. The currents in 
the coil and condenser are therefore each 377 times the resultant 
current. Compare with the relation between the voltages across 
the coil and condenser in series and the resultant or impressed 
voltage (see Article 182). 

For the reasons stated in the discussion of a coil and condenser 
in series, the relations just deduced do not apply when the coil 
has an iron core, or when the impressed voltage is not sinusoidal, 
nor does it apply to the transient effects set up immediately 
after the voltage is impressed. 

Problem 14. — A coil which has a resistance of 0.1 ohm and a constant 
self-inductance of 0.3 henry is connected in parallel with a condenser whose 
capacity is 23.5 microfarads. A sine-wave voltage of 1000 volts is impressed 
on this circuit, and the frequency is varied from 50 cycles per second to 
70 cycles per second. Plot to scale the current in the circuit against fre- 
quency as abscissas. Compare with Problem 11, Article 182. 

Answer . — One point on curve: / = 55 cycles per second, current = 3.04 
amperes. 
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POLYPHASE CIRCUITS 

186. Introduction. — A polyphase generator is an alternator 
which has two or more independent armature windings, arranged 
with respect to each other in such a manner that the electro- 
motive forces in the several windings differ in phase by a constant 
angle. 

The group of windings and conductors which form the paths 
of the currents produced by such electromotive forces is called 


360 Electrical Decree* 



Fig. 143. — Two-phase alternator. 


a polyphase circuit or system. The polyphase systems commonly 
employed are the two-phase and three-phase systems. 

A two-phase generator is an alternator which has two inde- 
pendent armature windings, exactly alike, and so arranged on 
the armature core that when a given conductor of one winding is 
directly under the center of a north pole, for example, in the slot A 
in Fig. 143, the corresponding conductor in the other winding is 
midway between a north and south pole, e.g. f in the slot marked B 

136 
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in Fig. 143. In the case of a two-pole machine this means that cor- 
responding conductors in the two windings are 90 degrees apart, 
as measured around the circumference of the armature. In 
the case of a multipolar machine the corresponding conductors 
in the two windings are said to be 90 “electrical” degrees apart. 
By an electrical degree is here meant J^6oth of the arc included 
between axes of two field poles of like sign, as indicated in Fig. 143. 

A three-phase generator is an alternator which has three inde- 
pendent amature windings, exactly alike, and so arranged that 
when a given conductor of one winding is directly under the center 


Electrical 



Fiq. 144. — Three-phase alternator. 


of a north pole, for example, in the slot A in Fig. 144, the corre- 
sponding conductor in the second winding is 120 electrical degrees 
from it, e.g., in the slot marked B in Fig. 144, and the correspond- 
ing conductor in the third winding is 120 electrical degrees 
further around the armature, e.g., in the slot marked C in Fig. 144. 

In both two-phase and three-phase generators, except small 
laboratory machines, the rotating member carries the field 
winding, and the armature windings and core are stationary, 
as indicated in Figs. 143 and 144. The field winding is supplied 
with direct current, usually from a small direct-current generator, 
called an exciter. This exciting current enters and leaves the 
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field windings through slip rings mounted on the shaft of the 
machine. 

Since the two windings of a two-phase machine are alike in 
number and arrangement of conductors, the electromotive 
forces generated in them by the relative motion of the field and 
armature are equal in r.m.s. value. The differences in phase 
between these electromotive forces is equal to the number of 
electrical degrees between corresponding conductors in the re- 
spective windings. 

For example, the electromotive forces generated in the two 
windings of a two-phase machine differ in phase by 90 degrees. 
An inspection of Fig. 143 will make this evident. When the con- 
ductor in slot A is cutting lines of force at the maximum rate, the 
corresponding conductor of the other winding, located in slot B , 
is cutting no lines of force. Hence, when the electromotive force 
in the conductor in slot A is a maximum, the electromotive force in 
the conductor in slot B is zero. Similarly, the electromotive forces 
generated in the three windings of a three-phase machine differ 
• in phase by 120 degrees. 

Practically all large alternators are either three-phase or two- 
phase machines; usually three-phase. All long-distance alter- 
nating-current transmission lines are three-phase. Wherever 
alternating-currents are used for motors (other than alternating- 
current series motors) the three-phase or two-phase system 
is employed. Probably over 95 per cent, of all the electric 
energy used commercially is generated either three-phase or 
two-phase (most of it three-phase). Even when direct-cur- 
rent energy is desired, it is usually more economical to generate 
it as three-phase alternating-current energy, and then convert 
this alternating-current energy into direct-current energy. 

The chief advantages of polyphase over single-phase systems 
are: 

(а) A polyphase generator is cheaper than a single-phase 
generator of the same output, voltage, and speed. 

(б) A polyphase generator has a higher efficiency and better 
voltage regulation than a single-phase generator of the same 
general design and rating. 

(c) A three-phase transmission line, for the same voltage 
between wires, requires only 75 per cent, of the copper required 
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for a single-phase line in order to transmit the same amount 
of power over the same distance at the same efficiency. 

(d) Polyphase motors are cheaper, and also have better operat- 
ing characteristics, than single-phase motors. 

186. Phase Currents and Line Currents. Phase Voltages 
and Line Voltages. — Balanced Currents, Voltages and Loads. — 
Each of the windings of a polyphase generator or motor, or any 
branch of any kind of a polyphase load, is commonly referred 
to as a “phase.” 

As a rule, the several phases of a polyphase machine are per- 
manently connected so that they form a “star” or “mesh” (see 
Figs. 148 and 149), and the terminals of the machine are the free 
ends of the star, or the junction points of the mesh. When a 
given terminal is a junction point between two phases, the current 
which enters or leaves the machine at this terminal is the resultant 
of the currents in the two windings connected to it. The current 
which enters or leaves a machine at any given terminal is called 
the “line current,” and the current in any particular winding 
or phase, is called the “phase current.” 

Similarly, the voltage between any two terminals is called the 
“line voltage,” and the voltage across any particular winding 
or phase, is called the “phase voltage.” 

When the several phase currents in a polyphase machine are 
equal in r.m.s. value and differ successively in phase by the same 
angle, these currents are said to be “balanced.” Similarly, when 
the several phase voltages are equal in r.m.s. value and differ 
successively in phase by the same angle, these voltages are said 
to be balanced. When both the currents and voltages are bal- 
anced the power input to, or output from, each of the phases is the 
same, and is equal to the total input to, or output of, the machine 
divided by the number of phases. The machine is then said to 
carry a “balanced load.” 

187. Double Subscript Notation. — When the current flowing 
through a conductor from any point 1 to any point 2 has at any 
particular instant the value 

in = V2I sin (at 

this current may always be considered as equivalent to a 
current 

i 2 i = ~ \/2 I sin (at 
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flowing through the conductor in the direction from 2 to 1. 
Hence if In is used to designate the vector which represents the 
current from 1 to 2, then the current from 2 to 1 may be rep- 
resented by a vector 1 % i equal in length to Ji 2 but drawn in the 
opposite direction, viz., 

In = — / 12 ( 1 ) 

This use of double subscripts to designate the direction in space 
of a sine-wave quantity represented by a given vector will be 
found extremely convenient in the discussion of polyphase 
circuits, and the student will avoid much confusion by so marking 
all vectors in any diagram which he may construct. 

As noted in Article 178, an electromotive force produced in 
an alternating-current circuit as the result of the motion of this 
circuit in a magnetic field, or as the result of a varying current in 
another circuit, may be represented by the symbol E . (The 
electromotive forces due to self-induction and capacity are taken 
into account by the reactance of the circuit.) An electromotive 
force is always taken positive in the direction corresponding to a 
rise of electric potential (see Article 41). Consequently, when 
an electromotive force is represented by a vector designated Eu, 
this vector represents the rise of potential from 1 to 2 due to the 
given electromotive force. 

As in the preceding articles, the terminal voltage of a winding 
will be represented by the symbol V, and its positive sense will 
always be taken in the direction of the drop of potential. That 
is, when a terminal voltage is represented by a vector V 12 , this 
vector represents the resultant drop of potential from 1 to 2 due 
to whatever electromotive forces or impedances there may be 
in the path under consideration. 

For example, when the electromotive force and current in a 
winding of impedance Z are designated E 12 and 1 12 , then the 
resultant rise of potential from 1 to 2 is the vector difference 
E 12 — zl i 2 - Since a drop is equivalent to a negative rise, the 
resultant drop of potential from 1 to 2 is tben 

V 12 = — Eh + zl 12 (2) 

Or, the drop of potential from 2 to 1 (equal to — F 12 or V 21 ) 
is 

V 21 = E 12 — zl 12 (2u) 

When the positive senses of the electromotive force and current 
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in a given winding are taken in opposite directions, i.e., when the 
current is designated 1 1 2 and the electromotive force E 2 i , then, 
the drop of potential from 1 to 2 is 

V 12 = E 2 i + zl 12 (26) 

In these expressions the line over the second member indicates 
vector addition or subtraction. 

Equation (2a) is the more- convenient expression for the termi- 
nal voltage of a source of alternating-current energy, and equa- 
tion (26) is the more convenient expression for the terminal 
voltage of a receiver of alternating-current energy. Compare 
with equations (226) and (22a) of Article 178, and (6) and (6a) 
of Article 40. 



Fig. 145A. Fig. 145B. 

Four- wire and three- wire two-phase alternator. 


In the above discussion the subscripts 1 and 2 are used in a 
general sense, viz., the terminals may be designated 3 and 4, 
or a and 6, etc., not necessarily 1 and 2. 

188. Two-phase Systems. — As noted in Article 185, a two- 
phase machine is one whose armature has two independent 
windings, so arranged that the electromotive forces generated 
in them have the same r.m.s. value and differ in phase by 90 
degrees. 

The two terminals of the two windings, or “ phases,” may each 
be brought out to separate terminal blocks, as indicated in Fig. 
145 A, or one terminal of one phase may be permanently con- 
nected inside the machine to one of the terminals of the other 
phase, as indicated in Fig. 145B. In the first case, the machine is 
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called a “four-wire ” two-phase machine; in the second case it 
is called a “three-wire” two-phase machine. 

The electric power output (or input) of a two-phase machine is 
equal to the sum of the power outputs (or inputs) of the two 
armature windings. That is, calling V a and Vb the r.m.s. values 
of the terminal voltages of the two windings, I a and h the r.m.s. 
values of the currents in these windings, and 0 a the angle by which 
J 0 lags V a , and fa the angle by which I b lags V b , then the total 
output (or input) is 

P = VJ a COS d a + VJ b COS fa (3) 

When the terminal voltages of the two windings and the currents 
in them are “balanced,” i.e., when V b = V a and I b = I a , and the 
two voltages and two currents differ respectively in phase by 
90 degrees, then B b = 6 a , and the total output is equal to twice 
the output of each phase, viz., 

P =2 VJa cos Q a (3o) 

To transmit electric power from, or to, a four-wire two-phase 
machine, a four-wire transmission line is necessary. Such a 
system is equivalent to two independent single-phase systems 
supplied from a single generator. The line currents are equal 
to the “phase currents” {i.e., to the currents in the respective 
windings), and the line voltages are equal to the “ phase voltages ” 
{i.e., to the voltages between the terminals of the respective 
windings). 

To transmit electric power from, or to, a three-wire two-phase 
machine, only three wires are necessary. The wire which is 
connected to the common terminal of the two phases serves as the 
return path for the currents supplied by both. This common 
wire is usually referred to as the “middle” wire, and the other 
two wires as the “outside” wires. The currents in the outside 
wires are equal to the phase currents, and the current in the 
middle wire is equal to the resultant of the phase currents. The 
voltage between the middle wire and each outside wire is equal 
to the corresponding phase voltage, and the voltage between the 
two outside wires is equal to the resultant of the phase voltages. 

When the currents in the two phases are balanced sine-wave 
currents, the current in the middle wire is y/2 times the current in 
each outside wire. This follows from the fact that the current in 
the middle wire is equal to the resultant of two vectors each equal 
in length to the phase current, and making with each other an 
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angle of 90 degrees. Similarly, when the phase voltages are 
balanced sine-wave voltages, the voltage between the two outside 
wires is V2 times each phase voltage. This follows from the 
fact that the voltage between the two outside wires is equal to 
the resultant of two vectors equal in length to the phase voltage 
and making an angle of 90 degrees with each other. Hence, for 
a balanced two-phase system: 

Current in middle wire = y/2 1 (4) 

Voltage between outer wires = y/2V (4a) 

where I and V are respectively the r.m.s. values of the phase 
currents and phase voltages. 


XT23 



Fiq. 146. — Vector diagram of three- wire two-phase alternator with balanced load. 

A complete vector diagram for a three-wire two-phase genera- 
tor is given in Fig. 146. The internal resistance and reactance 
of each phase are represented by the symbols r and x. The 
significance of the other symbols is indicated in Fig. 145 B! 

Problem 1 . — (a) Referring to Fig. 145A, prove that the no-load terminal 
voltage between “adjacent” terminals of a four-wire two-phase generator, 
when the middle points of the two phases are connected to each other, is 

equal to times the voltage between “diametrically” opposite terminals 

(i.e. t between the terminals of each phase) . ( b ) Draw a vector diagram show- 

ing the phase voltages and the voltage between each pair of terminals. 
(Note: When the middle, or neutral, points of the two phases are not 
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connected, the voltage between adjacent terminals depends upon the 
insulation resistance and electrostatic capacity between the two phases and 
the circuits connected thereto.) 

189. Unbalancing Effect of Middle Wire in a Three-wire 
Two-phase Transmission Line. — From the relations just deduced 
it may readily be shown that when a two-phase generator is 
connected by a three- wire transmission line to a two-phase receiver 

a vAAAA 1 

\ Vab r 01 x '4 J V “ 

b sAAAA^'OMOO^ 2 

Jv* r Ibl X '4 |v. 

C vVW\r^JW 8 



Fia. 147. — Vector diagram of three-wire two-phase transmission line. 


(motor or lamps), the load supplied to the receiver and the load 
on the generator cannot both be balanced. This is due to the 
unsymmetrical effect, on the two phases, of the impedance 
drop in the middle wire. 

A three-wire line is shown diagrammatically in the upper part 
of Fig. 147. Let r and x be the resistance and reactance respec- 
tively of each of the three-line wires, and let z= y/r 2 + x 2 be the 
impedance of each of these wires. Imagine a two-phase generator 
connected to the left-hand end of the line, with its A phase between 


Digitized by ^.ooQle 


POLYPHASE CIRCUITS 


145 


a and 6, and its B phase between 6 and c. Similarly imagine a 
two-phase balanced load connected to the other end of the line, 
with its A phase between 1 and 2, and its B phase between 2 and 
3. Let 0 be the power-factor angle of each phase of the load, i.e., 
the angle by which each phase current lags the voltage drop 
through this phase in the direction of this current. 

The terminal voltage Vdb of phase A of the generator will then be 
the vector sum of (1) the impedance drop zl\ 2 in the wire al, (2) 
the voltage drop V 12 through phase A of the load, and (3) the impe- 
dance drop zl 2b in the wire 62 (or less vectorially the impedance 
drop zlb 2 , since I b2 = —!%>)• Similarly, the terminal voltage 
Vbc of phase B of the generator is the vector sum of (1) the 
impedance drop zl b2 in the wire 62, (2) the voltage drop V 2Z 
through phase B of the load, and (3) the impedance drop zl 2 3 
in the wire c3 (or less vectorially the impedance drop zl c 3, since 
Icz = — ^23)* 

The components of Vab in the vector diagram are therefore 
V 12, rl 12 parallel to Ii 2f xl\ 2 leading h 2 by 90 degrees, rl& 
parallel to I 2b) and xly, leading I y, by 90 degrees, where J2& is 
the vector sum of h 2 and J 32 . Similarly the components of Vbc 
in the vector diagram are F 23 , rl 2z parallel to I 2 3 , xl 2 3 leading 
1 23 by 90 degrees, rl b2 parallel to I b2) and xl b2 leading I b2 by 
90 degrees, where I b 2 is the vector sum of I 21 and I 2 3 . These 
relations are all shown in the vector diagram. 

From the vector diagram it is evident that when the impedance 
drop in the middle wire is appreciable in comparison with the 
voltage across each phase of the load, the terminal voltages of 
the two phases of the generator will be unequal in r.m.s. values, 
and will differ in phase by an angle greater than 90 degrees. This, 
of course, is on the assumption above made that the loads on 
the two phases of the receiver are balanced. Conversely, when 
the electromotive forces generated in the two phases of the 
generator are equal and differ in phase by 90 degrees (which is 
the usual case), the voltages across the two phases of the receiver 
will be unequal in r.m.s. value and differ in phase by less than 
90 degrees, and the currents in the two phases of the generator 
and receiver will be unequal in value and will not be exactly 90 
degrees apart in phase. 

Unequal voltages on the several phases of a polyphase system 
are always unsatisfactory from an operating point of view, 
10 
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particularly when a part of the load (or all of it) consists of incan- 
descent lamps. Such lamps are designed for operation at a 
definite voltage; a slight decrease in voltage lowers their candle- 
power by a relatively large amount, and a slight increase in 
voltage produces a relatively large decrease in their life (see the 
article on Lamps, Incandescent Electric, in Pender’s Handbook for 
Electrical Engineers). Again, the output of a polyphase machine 
(for a given temperature rise) is less when the loads on its several 
phases are unbalanced than when these loads are balanced. 
For these reasons, the three-wire two-phase system is not as 
satisfactory as the three-phase system, which latter also requires 
but three transmission wires (see the next article). 

Problem 2. — 20,000 kilowatts is to be supplied from a power house to a 
substation 50 miles away, over a three-wire transmission line. The fre- 
quency is 25 cycles per second. The line wires are each No. 0000 A. W. G., 
spaced 6 feet between centers, and so arranged that they form the three 
edges of an equilateral prism. The resistance of each wire is 0.27 ohm per 
mile and, for the arrangement specified, the reactance of each wire is 0.30 
ohm per mile. The power factor of the load on the substation (i.e., of each 
phase of this load) is 90 per cent., with the current lagging. (Sine-wave 
currents and voltages are to be assumed.) 

(a) Were the system a two-phase system what would be the r.m.s. value 
of each phase current, the phase voltage at the substation being 60,000? 
(6) What would be the current in the middle wire of the transmission line, 
(c) What would be the voltages between the “middle” bus-bar and each 
t% outside” busbar in the power house in order to maintain 60,000 volts 
between the corresponding bus-bars at the substation? (d) What would 
be the power factor of each phase of the total load at the power house? 
(e) What would be the load on each phase at the power house? (/) What 
would be the voltage between the two outside bus-bars at the substation? 
(g) At the power house? ( h ) What would be the total power lost in the 
transmission line, both in kilowatts and in per cent, of the power delivered to 
the substation? (i) Draw to scale a complete vector diagram. [N ote. — The 
voltages may be found graphically from the vector diagram, or analytically 
by resolving the several voltages into their components along two mutually 
perpendicular axes, and proceeding as explained in Article 2. •* The directions 
of the vectors representing the currents in the two phases of the load will 
be found the most convenient axes of reference; see Fig. 147.1 

Answer . — (a) 185 amperes. (6) 262 amperes, (c) 68,400 volts and 
65,900 volts respectively, (d) 90.4 per cent, and 85.5 per cent, respectively, 
(e) 11,420 kilowatts and 10,430 kilowatts respectively. (/) 84,900 volts, 
(tf) 99,700 volts. ( h ) 1850 kilowatts or 9.25 per cent. 

190. Three-phase Systems. Y and A Connections. — As noted 
in Article 185, a three-phase machine is one whose armature has 
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three independent windings, so arranged that the electromotive 
forces generated in them have the same r.m.s. value but differ 
in phase by 120 degrees. In general, the three windings, or 



phases, of a three-phase machine are permanently connected 
inside the machine in one of the two ways indicated in Figs. 148 
and 149. 

The connection shown in Fig. 148 is called a “mesh,” or 



“delta,” connection; the latter name arising from the similarity 
between the diagram and the Greek letter “A. ” The connection 
shown in Fig. 149 is called a “star,” or “wye” connection; the 
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latter name arising from the similarity between the diagram 
(when inverted) and the letter “ Y” In like manner, any three 
circuits connected as shown in Fig. 148 are said to be connected 
in A, and any three circuits connected as shown in Fig. 149 
are said to be connected in Y. 

With either type of connection but three terminals are needed 
to connect the machine (or group of circuits) to the transmission 
line over which energy is supplied from or to it. When the Y 
connection is employed the common junction point n of the 
three windings may also be connected to a terminal, and a fourth 
wire may be used in the transmission line. This junction point 
is called the “ neutral point” of the connection, and the fourth 
wire the “ neutral wire.” 

In a A connection (Fig. 148) it is evident that the current in 
each line wire is not equal to the current in each winding, either 
in r.m.s. value or phase, but is the resultant of the currents in 
the two windings connected to this terminal. That is, in a A 
connection the line currents are NOT equal to the phase cur- 
rents. On the other hand, the voltages between the line wires 
of a A connection are the same as the voltages across the cor- 
responding phases, or windings. 

In a Y connection (Fig. 149) the relations are just the opposite. 
The line currents (in the three main wires) and phase currents 
are equal, but the line voltages between the main wires are the 
resultant of the voltage drops through the two windings connected 
to the two lines under consideration. That is, in a Y connection 
the line voltages are NOT equal to the phase voltages. From 
Fig. 149 it is evident that the current in the neutral wire (when 
such a wire is provided) is the resultant of the currents in the 
three phases, and the voltage between each line wire and the 
neutral is equal to the phase voltage of the particular phase 
between this wire and the neutral. 

191. Power Output and Input of Three-phase Apparatus. — 

The electric power output (or input) of a three-phase machine 
is always equal to the total power outputs (or inputs) of its 
three phases, irrespective of the type of connection employed and 
irrespective of whether or not the currents and voltages are 
balanced. That is, calling V a , Vb and V c the r.m.s. values of the 
PHASE voltages, /«, h, and 7 C , the r.m.s. values of the PHASE 
currents, and S a , Ob and 0 C the angles by which the respective 
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PHASE currents lag the PHASE voltages, then the total power 
output (or input) is 

P = V ala COS da + VfJb COS B h + VJc COS B c (5) 

When the currents and voltages are balanced , i.e ., when V a = 
Vb = V e and I a = h = I C) and the three voltages are 120 degrees 
apart in phase, and the three currents are likewise 120 degrees 
apart in phase, then 0 a = B b = B c , and the total power output 
(or input) is 

P = 3V pip cos B p (5a) 


where V p is the r.m.s. value of each PHASE voltage, I p the r.m.s. 
value of each PHASE current, and B v is the angle by which each 
PHASE current lags the corresponding PHASE voltage. 

As will be shown later (Articles 194 and 195), for a balanced load 
and sine-wave currents and voltages, the phase voltage V p for a Y 


connection is equal to times the line voltage Vi } and the phase 


current I p for a A connection is equal to 


1 

V§ 


times the line current 


Ii. In a A connection the line voltages and the phase voltages are 
always equal, and in a F connection the line currents and the 
phase currents are always equal. Hence, for either kind of con- 
nection, the above expression for the power output (or input) for 
a BALANCED load may be written 


P = V5 Vdi cos B p 


(56) 


This expression is usually written without subscripts, viz., 
P = V3 VI cos B (5c) 

but the significance of each symbol is always as just stated, viz.: 

(1) V is the line voltage, i.e., the voltage read by a voltmeter 
connected between any two of the three main terminals of the 
machine (not between a main terminal and the neutral). 

(2) I is the line current, i.e., the current read by an ammeter 
connected in series with any one of the main line wires (not in the 
neutral). 

(3) B is the angle by which the current in any one of the three 
windings or phases lags the net voltage drop (or voltage rise) in 
this particular winding . It is particularly important to keep 
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in mind that the angle 0 is NOT the difference in phase between 
the LINE current I and LINE voltage V. 

When the voltage of a three-phase generator or receiver is 
specified, this voltage is always the voltage between terminals, 
or line voltage, irrespective of whether the machine is A or Y 
connected. By the power output (or input) of a three-phase 
machine is always meant the total power of all three phases. 
Similarly, by the kilovolt-ampere output or input is meant the 
total kilovolt-amperes of all three phases. In terms of the rated 
power P (in watts) and the rated voltage V, the rated current 
of a three-phase generator or receiver for a balanced load, is 


I = 


P 

V3 V cos 0 


(Bd) 


where cos 0 is the power factor (expressed as a fraction). The 
corresponding volt-ampere output or (input) is then 

Volt-amperes = \/3 VI (5e) 

When the generator or receiver is Y connected, the current 
given by equation (5d) is the current in each phase of the load. 
When the load is A connected, the current in each phase of the 

load is equal to 

are sinusoidal). 


times this current (provided the currents 


Problem 3. — The load of 20,000 kilowatts specified in Problem 2, Article 
189, is transmitted by three-phase currents (instead of two-phase, as there 
considered). All other conditions at the substation are the same, t.e., 
the voltage between bus-bars at the substation is 60,000, the load is 
balanced, and the power factor is 90 per cent., with the current lagging. The 
transmission line is the same as in Problem 2. (Sine-wave currents and 
voltages are to be assumed.) 

(a) What is the kilowatt load supplied to each phase of the substation 
apparatus? (6) What is the kilovolt-ampere load of each phase of the 
substation apparatus ? (c) What is the current in each wire of the transmis- 
sion line? Compare with (a) and (6) of Problem 2. (d) What is the total 

power loss in the three wires of the line, both in kilowatts and in per cent, of 
the power delivered? Compare with ( h ) of Problem 2. (e) Were this same 

load transmitted over a single-phase line of the same length and same 
weight of copper, with the same voltage between wires at the substation, 
what would be the power lost in the line, both in kilowatts and in per cent, 
of the delivered power? Compare with (d). (f) Were the transformers 

in the substation three single-phase transformers with their primary wind- 
ings connected in F, what would be the voltage across the terminals of each? 
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(ff) What would be the current in the primary of each transformer? (h) 
What would be the kilowatt input to each transformer? (t) What would 
be the difference in phase between the primary terminal voltage and the 
primary current of each transformer? (j) Were the primary windings of 
the transformers connected in A, what would be the voltage across each? 

(k) What would be the current in the primary winding of each transformer? 

(0 What would be the kilowatt input to each? Compare with ( h ). (m) 

What would be the difference in phase between the terminal voltage and 
primary current in each transformer? Compare with (i). 

Answer. — (a) 6667 kilowatts. (6) 7407 kilovolt-amperes, (c) 214 am- 
peres, as compared with 185 amperes in each outside wire and 262 amperes 
in the middle wire of the two-phase line, (d) 1850 kilowatts or 9.25 per 
cent., the same as for two-phase transmission over a three-wire line. [Note, 
however, that in the two-phase line the voltage between outside wires, at 
the substation, is 84,900 volts, whereas in a three-phase line each wire 
differs in potential from each of the others by the same amount, viz., 60,000 
volts.] (e) 2470 kilowatts, or 12.35 per cent. This loss is 33.3 per cent, 
greater than the loss in a three-phase or two-phase three-wire line of the 
same total weight of copper, (j ) 34,600 volts, (g) 214 amperes. ( h ) 
6667 kilowatts, (i) 25.8 degrees, (j) 60,000 volts, (fc) 123.5 amperes. 

(l) 6667 kilowatts, the same as when the transformers are Y connected. 

(m) 25.8 degrees, the same as when the transformers are Y connected. 

192. Resultant Electromotive Force Acting Around Loop 
Formed by a A Connection. — When the electromotive forces in 



the three phases of a A connection are balanced sine-wave elec- 
tromotive forces, they may be represented by three vectors of 
equal length and making angles of 120 degrees with each other, 
as shown in Fig. 150. Note that these three vectors represent 
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the electromotive forces which act in the same direction around 
the loop formed by the A; compare with Fig. 148. The resultant 
electromotive force tending to cause a current to flow around 
the A is then the vector sum of these three vectors. But this 
vector sum is zero, since the three vectors when laid off end to 
end, as shown in Fig. 150, form a closed polygon, i.e., an equi- 
lateral triangle. 

Hence, when no current enters or leaves the A at its junction 
points, i.e., when no power is supplied by or to the A, there is no 
current in any of the windings. This, however, is not true 
when the wave shapes of the electromotive forces contain har- 
monics whose frequencies are 3 times, or any multiple of 3 times, 
the fundamental frequency (see Problem 3, Article 213). 



193. Current in Neutral Wire of a Y Connection. — When 
the currents in the three phases of a Y connection are balanced 
sine-wave currents, they may be represented by three vectors of 
equal length and making angles of 120 degrees with each other, 
as shown in Fig. 151. Note that these vectors represent the 
currents in the same relative direction with respect to the neutral 
point of the Y, i.e., either all outward from the neutral point, 
or all inward toward the neutral point; compare with Fig. 149. 
The resultant current in the neutral wire, if any, is then the 
vector sum of these three vectors. This vector sum is zero, 
since the three vectors when laid off end to end, as shown in 
Fig. 151, form a closed polygon. 

Hence, when the currents in a F-connected generator, or a 
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Y-connected receiver, are balanced and their wave shapes are 
sine-waves, there is no current in the neutral wire connected to it. 
Consequently, when the load on a three-phase system is balanced, 
the neutral wire is without effect, provided the currents are 
sinusoidal. The neutral of a Y connection is, however, often 
brought out to a terminal, usually for the purpose of connecting 
it to ground, so that the voltage between each of the other ter- 
minals and the ground will have the same r.m.s. value. When the 
neutral of a Y is accessible it is also possible to obtain, for the 
operation of lamps or other single-phase apparatus, a voltage 


equal to the phase voltage, which is 


1 

V3 


times the line voltage 


(see Article 194). 

When a Y-connected generator with neutral wire supplies 
an unbalanced load, the current in the neutral wire will not be 
zero. Instead, a current will flow in the neutral tending to 
equalize the currents in the three phases of the generator. 
Again, even though the currents in the three phase are balanced, 
a current of triple-frequency will flow in the neutral wire in 
case the currents have a wave shape containing a third harmonic 
(see Problem 4, Article 213). 

194. Relation Between Line Voltage and Phase Voltage for 
a Y Connection. — When the terminal voltages of the three phases 
of a Y connection are balanced sine-wave voltages, they may 
be represented (Fig. 152) by three vectors Vi ny V 2ny and Y 3 n, 
equal in length and making angles of 120 degrees with each other. 
These vectors represent the drop of potential from the respective 
terminals to the neutral point of the Y. 

The line voltage Vi 2 between terminals 1 and 2 is then the 
resultant drop of potential from 1 to 2, which in turn is equal 
to the drop of potential V\ n from 1 to the neutral, plus vec- 
torially the drop of potential V n2 from the neutral to 2. Since V n2 
is equal in length to V 2n , but in the opposite direction, the voltage 
drop V 12 from 1 to 2 is the line marked V\ 2 in Fig. 152. Simi- 
larly, the vectors which represent the voltage drops from 2 to 3 
and from 3 to 1 are the lines marked V 2 z and V 3 i. 


Hence, calling V p the r.m.s. value of the voltage between each 
terminal and the neutral, i.e. y the phase voltage of the Y, then, 
from Fig. 152, the r.m.s. value of each line voltage is 

Vi = 2V P cos 30° = \/3 V p (6) 
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From Fig. 152 it is also evident that the line voltages differ in 
phase by 120 degrees. Hence the line voltages due to balanced 
sine-wave phase voltages in a Y connection are also balanced 
sine-wave voltages. 

Conversely, when balanced sine-wave line voltages of r.m.s. 
value V i are impressed on a balanced Y connection, the voltages 
across each phase of the Y , i.e., between each terminal of the Y 
and the neutral point are also balanced and have the r.m.s. value 

V, - ^3 V, (6a) 


3 



Fio. 152. — Line voltages and phase voltages for Y connection. 

By a balanced Y is meant a Y connection of three windings 
all three of which have the same resistance and reactance, and 
in which the electromotive forces (if any) are equal in r.m.s. 
value and differ in phase by 120 degrees. 

It should be carefully noted that the above relations hold 
only for balanced sine-wave voltages. When the voltages are 
not equal in r.m.s. value, the symmetrical relations represented 
by the equilateral triangle in Fig. 152 no longer hold. The 
analysis of unbalanced conditions is more complex, but may be 
readily effected by the use of the so-called “symbolic method” 
described in Chapter XVII. Again, in the particular case, which 
frequently occurs in practice, when the phase voltage contains 
a third harmonic (see Article 213), this third harmonic does 
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not appear in the line voltage, and consequently the r.m.s. value 
of the line voltage is less than -s/3 times the phase voltage. 

Problem 4. — Two equal impedance coils are connected in series between 
two of the terminals of a y-connected, 200-volt generator. The impedance 
of these coils is so high that the current supplied by the generator produces a 
negligible impedance drop in its windings. 

(a) What is the r.m.s. value of the voltage between the junction of the two 
coils and the neutral point of the generator? (6) What is the r.m.s. value of 
the voltage between this junction point and the third terminal of the gen- 
erator? (c) Draw to scale a complete vector diagram, showing the phase 
relations between these two voltages and the phase and line voltages. 

Answer . — (a) 57.5. (6) 172.5 volts. 



Fiq. 153. — Line currents and phase currents for A connection. 


195. Relation Between Line Current and Phase Current for 
a A Connection. — When the currents in the three phases of a A 
connection are balanced sine-wave currents, they may be rep- 
resented (Fig. 153) by three vectors lu, hz and 7*i, equal in 
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length and making angles of 120 degrees with each other. The 
line current ho in line wire No. 1 outward from the A is equal to 
the resultant of the currents toward this terminal in the two wind- 
ings connected to it. 

From the figure it is evident that this resultant is the vector 
difference of /31 and In , since /31 is toward the terminal (junction 
point) and In is away from the terminal. Or, since In = — /21, 
where J21 is the current toward the junction point in the branch 
12 of the A, it follows that ho is equal to the vector sum of hi 
and 1 21 , as indicated in the figure. Hence, calling I p the r.m.s. 
value of the phase current in the A, and Ii the r.m.s. value of the 
line current, then, from Fig. 153, 

h = 2/ p cos 30° = \/3 I p (7) 

From Fig. 153 it is also evident that the line currents differ in 
phase by 120 degrees. Hence the line currents produced due to 
balanced sine-wave phase currents in a A connection are also 
balanced sine-wave currents. 

Conversely, when the line currents are balanced sine-wave 
currents of r.m.s. value Ji, the phase currents in the A which 
supplies or absorbs the power transmitted are also balanced and 
have the r.m.s. value 



The above relations, like those between the phase voltage and 
line voltages of a Y hold only for balanced sine-wave currents. In 
particular, the phase current in a A connection often contains a 
third harmonic, yet this third harmonic current does not appear 
in the line current (see Article 213). Under such conditions the 
r.m.s. value of line current is less than -\/3 times the phase current. 

Problem 6. — A 500-volt, 25-cycle, 100-kilovolt-ampere, three-phase 
A-connected generator supplies full load to a balanced three-phase circuit 
whose power factor is 85 per cent. 

(a) What is the current in each of the three windings of the generator? 
(6) Were one of these windings opened, so that no current could flow through 
it, would the generator still supply power to the load? (c) Neglecting the 
internal impedance of the ge aerator windings, would the line currents 
remain balanced? (d) Would the line voltages remain balanced? (e) 
What would be the maximum balanced load at 85 per cent, power factor 
that the generator could supply under the conditions specified in (b) without 
exceeding its kilovolt-ampere rating? (J) What would be the power factor 
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of the load supplied by each of these windings? (g) What proportion of 
this load would be supplied by each of the two windings in service? (h) 
Draw to scale a complete vector diagram for (e), showing the line currents, 
the line voltages, and the currents in the two windings of the generator. 

Answer. — (a) 66.7 amperes. (6) Yes. (c) Yes. (d) Yes. (e) 49.1 
kilowatts, (f) 47.3 per cent, for one phase and 100 per cent, for the other 
phase. ( g ) 32.1 per cent, for one phase and 67.9 per cent, for the other. 

196. Balanced Three-phase Circuit Equivalent to Three 
Single-phase Circuits. — When both the generator and the load 
are Y connected (see Fig. 154), a wire connecting the neutral 
points of the two will have no current in it provided the line 
currents (which in this case are equal to the phase currents) 
are balanced and have sine-wave shapes . From symmetry, it is 
evident that this condition will obtain when 



(1) The electromotive forces generated in the three phases of 
the generator are balanced, 

(2) The electromotive forces generated in the three phases 
of the receiver are balanced, 

(3) Each phase of the generator has the same resistance and 
the same reactance, 

(4) Each phase of the receiver has the same resistance and 
the same reactance, 

(5) Each wire of the line has the same resistance and the 
same reactance. 

In practice these conditions are usually satisfied, at least to a 
close approximation. Moreover, as will be shown in the next 
Article, a A-connected generator or receiver may always be 
considered as replaced by an “equivalent” F-connected genera- 
tor or receiver. Consequently, any problem concerning the 
current, voltage and power relations in balanced three-phase 
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circuits may always be reduced to the solution of a network 
of the type shown in Fig. 154, provided the currents and voltages 
are sinusoidal. 

As will now be shown, a three-phase circuit of the type shown 
in Fig. 154 may always be considered equivalent to three in- 
dependent single-phase circuits, provided the currents and vol- 
tages are sinusoidal and balanced. Hence, every problem in 
regard to balanced three-phase circuits carrying sine-wave currents 
and voltages may be reduced to the solution of a single-phase 
circuit. 

This proposition follows from the simple fact that since no 
current can exist in the neutral of the balanced circuit shown in 
Fig. 154 (always assuming the currents and voltages to be sinus- 
oidal), no difference of potential can exist between the neu- 


r x 



tral points of the two Y’s. Hence, each phase of this circuit 
may be treated as a single-phase circuit in which the “ return 
wire” of the transmission line has zero resistance and zero react- 
ance. That is, each phase of the three-phase circuit shown 
in Fig. 154 is equivalent to the single-phase circuit shown in 
Fig. 155. 

In the reduction of a three-phase problem to a single-phase 
one, the following relations must be carefully noted: 

(1) In the equivalent single-phase circuit the generated electro- 
motive force of the generator, and the back electromotive force 
(if any) in the receiver are respectively equal to the electromotive 
force per phase of the corresponding Y. 

(2) The internal resistance and reactance of the generator 
and receiver in the single-phase circuit are equal respectively to 
the resistance and reactance per phase of the corresponding F. 
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(3) The resistance and reactance of the transmission line 
in the single-phase circuit are equal respectively to the resistance 
and reactance of one wire of the three-phase transmission line. 

(4) The terminal voltages of the generator and receiver in the 
single-phase circuit are equal respectively to the voltages to 
neutral in the corresponding Y (i.e., the phase voltages of the F). 
The corresponding voltages between wires in the three-phase 
circuit are therefore equal to \/3 times the terminal voltages 
for the single-phase circuit. 

(5) The current in the single-phase circuit is equal to the 
line current in the three-phase circuit, or to the phase current 
in the Y’ s. 

(6) The angle by which the current in the single-phase circuit 
lags (or leads) any voltage is the same as the angle by which 
the phase current in the three-phase circuit lags (or leads) the 
corresponding phase voltage. This angle is NOT the angle 
between the line voltage and the line current in the three-phase 
circuit. 

(7) The power output of the generator, the power input to 
the receiver, and the power lost in the line in the single-phase 
circuit are equal respectively to the total output of the 
three-phase generator, 3^ the total input to the three-phase 
receiver, and 3^ the total power lost in the three wires of the 
transmission line. 

Problem 6. — Referring to Problem 3, Article 191 (a) what is the voltage 
between the power-house bus-bars, and (6) what is the power-factor of the 
total load on the power-house? Compare with (c) and (d) of Problem 2, 
Article 189. (c) Draw to scale a complete vector diagram showing (1) 

the three line currents, (2) the three voltages to neutral at both ends of 
the transmission line, and (3) the three line voltages at both ends of the 
transmission line. 

As stated in Problem 3, the load on the substation is 20, (XX) kilowatts, 
the voltage between the substation bus-bars is 60,000 volts, and the power 
factor of this load is 90 per cent., the current lagging. The transmission line 
is 50 miles long, the resistance of each wire is 0.27 ohm per mile, and the 
reactance of each wire is 0.303 ohm per mile (at 25 cycles per second). 

Answer. — (a) 67,000 volts between each pair of wires, as against 68,400 
volts between one outside wire and the middle wire, 65,900 volts between 
the other outside wire and the middle wire, and 99,700 volts between 
the two outside wires for the two-phase system. (5) 88.1 per cent, for each 
phase, as against 90.4 per cent, for one phase and 85.5 per cent, for the other 
phase for the two-phase system- 
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197. Balanced A Equivalent to a Balanced Y. — From the 
relations deduced in Articles 194 and 195, it follows that the 
conditions under which a A-connected generator or receiver may 
be considered as replaced by an equivalent Y are the following 
(see Fig. 156): 

(1) The currents and voltage must be sinusoidal and balanced. 

(2) The electromotive force developed in each phase of an equi- 


valent Y must be taken equal to times the electromotive 

force per phase of the A which it replaces. This follows from 
the fact that each phase of a A is connected across two of the 
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Fio. 156 . — A connection and its equivalent F. 


line wires, and consequently, when there is no current flowing, its 
electromotive force is equal to the line voltage. On the other 
hand, the line voltage for a Y when there is no current flowing 
is equal to \/3 times the electromotive force developed in each 
of its phases. 

(3) The resistance of each phase of the equivalent Y must be 
taken equal to the resistance of the A which it replaces. 
This follows from the fact that the phase current in a Y is equal 
to^the line current, whereas the phase current in a A is equal to 

-y/3 ti mes the line current. Hence, since the power dissipated in 
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a resistance is proportional to the square of the current, the 
resistance of each phase of the Y must, for the same power loss, 


be 


(«■- 


the resistance of the A which it replaces. 


(4) The reactance of each phase of the equivalent Y must like- 
wise be taken equal to the reactance of the A which it replaces. 
This follows from the fact that, for the same difference in phase 
between the phase voltages and currents in the equivalent Y as 
in the A which it replaces, the ratio of the reactance to the resist- 
ance must be the same. Hence, since th # e resistance of the 
equivalent Y is the resistance of the A which it replaces, the 
reactance of the equivalent Y must likewise be equal to }£ 
the reactance of the replaced A. 

(5) When all A connections have been replaced by equivalent Y 
connections, the phase current for any A which has been replaced 


by an equivalent F will be equal to times the phase current of 


this F, and the phase voltage for the A will be equal to -\/s 
times the phase voltage for corresponding F. 

Since a balanced A may be replaced by an equivalent balanced 
F, a balanced A may be considered as having a “neutral point,” 
meaning thereby the point whose potential is the same as the 
potential of the neutral point of the equivalent F. This point 
cannot, of course, be located on any of the conductors which 
form the actual A, but is somewhere in the space surrounding the 
windings. 

198. Two-Phase Three-phase Transformation. — As shown 
in Problem 6, Article 196, three-phase transmission is more 
satisfactory than two-phase three-wire transmission. Conse- 
quently, whenever two-phase apparatus is employed, it is the 
usual practice to transmit the electric energy from, or to, this 
apparatus as three-phase energy, converting it from two-phase 
to three-phase at the generator, or from three-phase to two-phase 
at the receiver. Such a conversion is readily effected by means of 
two transformers connected as shown in Fig. 157. 


The two transformers have the same number of turns in the 
windings which are connected to the two-phase generator, or 
receiver. The second winding of one of the transformers, the 
one marked A in the figure, has a tap brought out from its 

li 
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middle point. The second winding of the other transformer B, 
has a number of turns equal to Y± = 0.866 times the number of 
turns in the second winding of the first transformer. These 
latter windings are connected to each other and to the three-phase 
transmission line as shown in the figure. 

When the transformers are used to convert from two-phase to 
three-phase, and balanced two-phase voltages are impressed 
across the terminals a and b and b and c, two-phase electromotive 
forces are induced in the secondary windings (by mutual induct- 
ance). However, the induced electromotive force in the sec- 
ondary of transformer B will have an r.m.s. value equal to 


«* 

1 

0 

S 

1 

t 



Fig. 157. — Two-phase three-phase transformation. 


times the r.m.s. value of the electromotive force induced in the 
secondary winding of A. The vector diagram for these two elec- 
tromotive forces is then as shown in the figure. 

Let E be the r.m.s. value of the electromotive force induced 
in the secondary of transformer A. Then the r.m.s. value of 
viz^ the electromotive force induced in the secondary of 
B is V E. The electromotive forces E Xm and E m 2 induced in 
the two halves of the secondary winding of A, each have an 
r.m.s. value equal to }£E. The electromotive force E\% between 
terminals 1 and 2 then has an r.m.s. value E . The resultant 
electromotive force E between 2 and 3 is the vector sum of E* m 
and which has an r.m.s. value equal to \/(}iE)* + (V%E)* 
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= E, and leads E i2 by 120 degrees, as shown in the figure. In 
like manner, the resultant electromotive force Ezi between 3 
and 1 is the vec tor sum of E S m and E ml , which has an r.m.s. 
value equal to V (%E) 2 + (V%E) 2 = E, and leads E 2 z by 120 
degrees, as shown. 

Hence, for no load on the transmission line, the voltages 
between 1 and 2, 2 and 3, and 3 and 1 are balanced three-phase 
voltages. When the transformers are properly designed, the 
terminal voltages on both the primary and secondary side will 
also remain balanced under load, provided the load currents are 
balanced. 

In exactly the same manner it may be shown that when the 
transformers are used to convert from three-phase to two-phase, 
balanced two-phase voltages will be produced at the secondary 
terminals when balanced three-phase voltages are impressed on 
the three-phase terminals. 

The arrangement here described for converting from two- 
phase to three-phase, or conversely, is known as the “ T,” or Scott 
connection. 

A particularly interesting example of its use is in the oldest of 
the Niagara power-houses (that of the Niagara Falls Power Co.) 
the generators in which are two-phase. 

Problem 7. — (a) Referring to Fig. 157, prove that when the three-phase 
load supplied by the two transformers is balanced, each transformer sup- 
plies one-half of the load. (6) Prove that, under the same conditions, the 
kilovolt-ampere output of transformer B is only 87 per cent, of the kilovolt- 
ampere output of A. (c) Show that if N is the total number of turns in the 
secondary of A, and I is the r.m.s. value of the three-phase line current, the 
r.m.s. value of the resultant secondary ampere-turns of A is 0.87iV7, that is, 
the same as the r.m.s. value of the secondary ampere-turns of B . 

199. Measurement of Power in a Three-wire Circuit. — In a 

two-phase three-wire circuit, the current in each of the outside 
wires a and b in Fig. 158 is equal to the current in the particular 
phase of the load to which it is connected, and the voltage be- 
tween each outside wire and the middle wire c is the voltage 
across this phase. Hence, each of the two wattmeters connected 
as shown in the figure will indicate the load on the particular 
phase to which it is connected, and the sum of the two watt- 
meter readings will give the total power input to the load. 

As will be shown below, the algebraic sum of the readings 
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of two wattmeters connected as shown in Fig. 158 is always 
equal to the total power input to the load supplied by the three 
wires (provided there are only three wires, e.g ., no neutral wire). 
This statement is true whether the load is two-phase (Fig. 158) 
or three-phase (Fig. 160), balanced or unbalanced, and holds irre- 



Fig. 158. — Two wattmeters and two-phase load. 


spective of the wave shapes of the currents and voltages. Of 
course, when the load is three-phase (Fig. 160), the separate 
readings of the wattmeters do not give the load on any particular 
phase. 

In the particular case of a perfectly balanced three-phase load, 
the total power may also be determined by measuring the power 



Fig. 159. — One wattmeter and three-phase load. 

input to one phase and multiplying this by 3. To measure the 
power input to one phase it is of course necessary that the current 
circuit and voltage circuit of the wattmeter be connected in such 
a manner that (1) the current through its current coil be the 
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current in this particular phase of the load and (2) the voltage 
across its voltage coil be the voltage across this particular phase. 
This may be accomplished by connecting the current circuit 
of the wattmeter in series with one of the mains supplying the 
load, and the potential circuit of the wattmeter between one 
terminal of the load and the neutral , as shown in Fig. 159. When 
there is no neutral point accessible, one may be readily estab- 
lished by the use of a so-called “F-box” (see the article on 
Wattmeters in Pender’s Handbook for Electrical Engineers ). 

It is particularly important to note that when this single- 
wattmeter method is employed, the potential circuit of the 
wattmeter must be connected between one of the main terminals 
of the load and the neutral; NOT between two main terminals . 
That this is true follows from the fact that the reading of a watt- 
meter gives the average value of the product of (1) the instanta- 
neous voltage impressed on the terminals of its potential circuit 
and (2) the instantaneous value of the current in its current 
circuit. This average value, as shown in Article 167, is equal to 
the product of (1) the r.m.s. value of the impressed voltage, (2) 
the r.m.s. value of the current, and (3) the cosine of the angle 
by which this current and voltage differ in phase. As noted in 
Article 191, when the load is A connected, the line current is 
not the phase current, and when the load is Y connected, the 
line voltage is not the phase voltage. Moreover, in neither 
case is the difference in phase between the line voltage and the 
line current equal to the difference in phase between the phase 
voltage and the phase current. 

A three-phase load is seldom sufficiently well balanced to render 
the single-wattmeter method an accurate one. In most practical 
measurements the two-wattmeter method is employed. The 
two wattmeters are connected as shown in Fig. 160. The current 
circuit of wattmeter A is connected in series with one line wire 
a, and the current circuit of wattmeter B is connected in series 
with the second line wire b. The potential circuit of A is con- 
nected across from the wire a to the third line wire c, and the po- 
tential circuit of B is connected across from the wire b to the 
wire c. 

If it be assumed, as is substantially true in a well-designed watt- 
meter, that its indications give the average value of the product of 
the instantaneous current through its current circuit and the 
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instantaneous voltage impressed on its potential circuit, it may 
be readily shown that the algebraic sum of the readings of the 
two wattmeters, when connected as shown in Fig. 160, is equal 
to the average power input to all three phases of the load, ir- 
respective of whether the load is balanced or unbalanced, and 
irrespective of the wave shapes of the currents and voltages. 
Referring to Fig. 160, let the instantaneous values of the currents 
and potential drops be represented by small letters, with sub- 
scripts indicating their directions. 

Wattmeter A then reads the average of (t^iai), and wattmeter 
B reads the average of (v 2 zib 2 ). Either of these averages may 

la 1 



Fig. 160. — Two wattmeters and three-phase load. 

be positive or negative quantities. Hence the combined readings 
of the two meters must be considered as an algebraic sum. 

Consider first the case when the load is A connected. Then, 
from Fig. 160, 

Viz = — Vzi 
ial — i \ 2 t*31 

ib2 = ^23 — t*i 2 
V 12 = — (^23 + V3l) 

Hence, the algebraic sum of the readings of the two meters is the 
average of 

Vizial + ^23^*62 = ~ ^31 (t’l2 “ " 4l) + *>23 (43 ~ itf) 

= ~ (^23 + ^3l) i 12 + ^23^23 + #81*31 
= V 121*12 4" V 23^23 (8) 
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But the average of (vnin + V23I23 + vziizi) is the total power 
input to the three phases of the load. Since in this deduction 
no assumption is made in regard to the wave shapes or whether 
the load is balanced or not, the algebraic sum of the wattmeter 
readings gives the total power input irrespective of the wave 
shapes and of the nature of the load. 

Similarly, when the load is Y connected, 


Viz = Vin+ V n z = V Xn — V Zn 
V2Z = V 2 n + V n z = t>2» ~ Vzn 

4*1 = 4 n 

tb2 = 4 n 

Un = “ (iln + t*2 n) 

These values substituted in the expression (t>i 8 i«i + t; 28 42) give 

ViziaX + V2iib2 = ViJin + V 2 „l 2 n + VzJzn (8a) 

This last expression is the instantaneous power input to the 
three phases of the Y, and consequently its average value is equal 
to the total power input to the load. 

Since the average value of the instantaneous products (i Vui a i ) 
and (t; 28 4 2 ) may be either positive or negative, the deflection of 
the wattmeter needle may be either to the right or to the left of 
the zero. Wattmeters, however, are usually designed with a 
scale reading only to the right. Consequently, when a positive 
value of the average of the product vi corresponds to a deflection 
to the right, then the needle goes off the scale to the left when the 
value of this product is negative. However, by reversing the 
leads to the potential circuit of the wattmeter, the needle may 
be made to deflect to the right. 

To measure, then, the total three-phase power by the two- 
wattmeter method, it is necessary to connect the current coils of 
the two wattmeters in the lines a and b in such a manner that the 
needles of both meters deflect to the right. It is then necessary 
to determine whether the two readings shall be added or sub- 
tracted. This is determined from the fact that if the average 
value of the two products (t>i 8 z a i) and (t^w) are both of the same 
sign, then both meters will also read to the right if they are inter- 
changed, keeping the connection to the middle wire c unaltered. 
If, however, the average values of these two products are of the 
opposite sign, then when the two meters are interchanged, the 
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connection to c being kept unaltered, the deflection of each instru- 
ment will reverse. 

Hence, the general rule, subtract the two readings if, on substitut- 
ing one meter for the other ( the connection to the common wire c 
being kept unaltered), the deflection reverses; otherwise the two 
readings are to be added. 

200. Two-wattmeter Method Applied to a Balanced Three- 
phase Load. — In case the load is balanced and the currents and 
voltages are both sine waves, the phase relations of the currents 
and potential drops in the two wattmeters can be readily deduced. 



Fig. 161. — Vector diagram for two wattmeters on a balanced three-phase load. 

Let V be the r.m.s. value of the line voltage, 7 the r.m.s. 
value of the line current, and 0 the power-factor angle of the 
load, taken positive when the current per phase lags the voltage 
per phase. Then the r.m.s. value of the line currents I a i and 
Ib 2 is 7, and the r.m.s. value of the line voltages Vu and F23 is V. 

Consider the load as a balanced Y. (If it is A connected, 
it may be considered as equivalent to a Y connection, as explained 
in Article 197.) Then the line current I a i is the same as the 
current 7i n in the phase between terminal No. 1 and the neutral. 
Similarly, 7& 2 is the same as the current 7 2n in the phase between 
terminal No. 2 and the neutral. The vectors representing these 
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currents then make an angle of 120 degrees with each other, as 
shown in Fig. 161, The phase voltages for these two phases, 
viz., the voltages to neutral V\ n and F 2n , then lead I a i and hi 
respectively by the angle 6 (see Article 191). The line voltage 
V i 3 is the vector sum of V\ n and V n z } and the line voltage 
F 2 3 is the vector sum of V 2n and V n z. The phase angles of these 
two line voltages with respect to I a i and J& 2 are then as shown 
in Fig. 161, viz., 

V is leads I a i by (30° + 6) (9) 

V 23 lags I b 2 by (30° — 6) (9 a) 

Whence, noting that the length of each of these two voltage 
vectors is V (the line voltage) and the length of each of the two 
current vectors is I (the line current), the reading of wattmeter 
A (Fig. 160) is 

P A = VI cos (30° + 6) (10) 

and the reading of wattmeter B is 

P B = VI cos (30° - 6) (10a) 

From these expressions it is evident that when 6 lies between 
— 60° and +60° both P A and P B are positive. When $ is numeri- 
cally greater than 60°, and either positive or negative, P A and P B 
are of opposite sign. But cos 60° = 0.5. Hence, the condition 
that the two wattmeter readings shall be added arithmetically 
is that the power factor of the load be greater than 50 per cent. 
When the power factor of the load is less than 50 per cent, (cur- 
rent leading or lagging), the wattmeter readings must therefore 
be subtracted arithmetically. It must be remembered, however, 
that this rule applies only when the load is balanced. 

In general, the power factor of the load is not known. How- 
ever, in the case of a balanced load the following simple test may 
be used to determine whether the wattmeter readings are to be 
added or subtracted. Leaving all other connections unchanged, 
transfer the connection of the potential circuit of meter A, say, 
from the common wire c to the wire 6. Then this meter will read 
the power corresponding to V\ 2 and I a i. But V\ 2 is the vector 
sum of V in and V n 2 , and therefore lags I a i by the angle (30° — 6) 
(see Fig. 161). Whence the new reading of wattmeter A 
will be 

P' A = VI cos (30° - B) (11) 

which is the same as the reading of wattmeter B . 
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Consequently, if when this change in connection is made, the 
deflection of meter A does not change in direction , the sum of the 
original readings of A and B gives the total power; if the deflec- 
tion of A reverses, then the difference of the original readings 
of A and B gives the total power. An inspection of the vector 
diagram will show that this same rule applies to meter B , when 
the connection of the potential circuit of B to the common wire 
c is transferred to the wire o, all other connections remaining 
unaltered. 

Hence the general rule for a balanced load; connect the two 
meters in circuit in such a manner that both deflect to the right 
and take the two readings P A and P B . Then, keeping all other 
connections unaltered, transfer the connection of the potential 
coil of one meter from the common wire to the wire in which the 
current coil of the second meter is connected. If the deflection 
of the former meter remains in the same direction, add the original 
readings of the two meters; if the deflection of this meter reverses, 
subtract the original readings of the meters. 

It is also of interest to note that, in the case of a balanced 
load, the power-factor angle 0 may be expressed directly in terms 
of the wattmeter readings. For, taking the sum and difference 
respectively of P B and P A , there results 

Pb + Pa = VI [cos (30° - 0) + cos (30° + 0)] = \/3 VI cos 0 
P B - P A = VI [cos (30° - 0) - cos (30° + 0)] = VI sin 0 

Whence, taking the ratio of these two expressions, 

ten 0 = VS p B B ~p A A (12) 

Problem 8. — The two wattmeters connected to a balanced three-phase 
load, whose power factor is greater than 50 per cent., read 5240 watts and 
2380 watts respectively, (a) What is the difference in phase between the 
current in the current coil of the first wattmeter and the potential drop 
through the potential circuit of the second wattmeter? (b) What is the 
power factor of the load? 

Answer. — (a) 123 degrees or 57 degrees. (6) 83.9 per cent. 

Problem 9. — The current coil of a single wattmeter is connected in one 
of the line wires of a balanced three-phase load of 30 kilowatts. The power 
factor is 80 per cent., the current lagging. Call the main in which the 
wattmeter is connected A , the other two line wires B and C respectively. 
What would the wattmeter read when its potential coil is connected (a) 
between A and B , (6) between A and C, and (c) between B and C? 

Answer. — (a) 21.5 kilowatts. (6) 8.5 kilowatts, (c) 13.0 kilowatts. 
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Problem 10. — A three-phase T-connected generator supplies power to a 
balanced load at a line voltage of 220 volts. The power is measured by 
the two-wattmeter method, and each wattmeter reads 10 kilowatts. If 
the resistance and reactance of each phase of the armature is 0.1 ohm and 
0.3 ohm respectively, find the generated electromotive force per phase of 
the alternator. 

Answer. — 133.2 volts. 

Problem 11. — Each phase of a balanced three-phase, A-connected load 
is formed by an impedance in series with a non-inductive resistance of 15 
ohms. The voltage across the impedance in each phase is 80, the voltage 
across the non-inductive resistance in each phase is 150, the resultant 
voltage across the impedance coil and the non-inductive resistance is 200. 
What would be the readings of the two wattmeters when connected to this 
load to measure the power by the two-wattmeter method? 

Answer . — 3420 watts and 2190 watts. 
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SYMBOLIC NOTATION 

201. General. — The graphical solution of an alternating-cur- 
rent problem by means of a vector diagram, although it always 
gives a clear insight into the physical relations involved, is not, 
as a rule, susceptible of a high degree of accuracy, unless the vector 
diagram is drawn on a large scale. An algebraic method of 
expressing the relations given by a vector diagram is therefore 
frequently desirable. The algebraic method commonly em- 
ployed is based on the properties of complex numbers, i.e ., of 
numbers which may be expressed as the sum of a real number 
and a pure imaginary. By a pure imaginary is meant a real 
number multiplied by the square root of — 1. 

Although in this method of analysis the symbols employed to 
represent currents, voltages, impedances, etc., have the mathe- 
matical form and the mathematical properties of complex numbers, 
these symbols actually represent real physical quantities. This 
method may therefore be described as the “symbolic” method. 
If the reader will clearly bear in mind at the outset that it is 
the symbols which have the form of complex numbers, and not 
the quantities themselves , he will avoid much confusion in under- 
standing and applying the method. After one once understands 
the principles involved, the distribution of alternating currents 
in a network, no matter how complicated, may be determined 
as readily as in the case of direct currents. 

The symbolic method is nothing more than a scheme whereby 
the geometrical relations expressed in a vector diagram may be 
expressed in algebraic form. It is applicable only when the vec- 
tors in such a diagram are fixed in length and relative position, 
that is, when all the alternating quantities represented in the 
diagram are sine-wave quantities of the same frequency . In par- 
ticular, it is not applicable to transient currents and voltages, 
for the expressions for such quantities always contain an ex- 
ponential term. When non-sinusoidal, periodic quantities are 
treated as equivalent sine-wave quantities (see Article 170), the 
symbolic method is applicable to the same degree of accuracy 
as the corresponding vector method. 

172 
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When greater accuracy is needed, each such quantity must 
be resolved into its fundamentals and harmonics (see Chapter 
XVIII). When this is done the symbolic method may be ap- 
plied to each group of components of the same frequency , and 
the resultant effect may then be calculated as explained in 
Chapter XVIII. 

Until he becomes thoroughly familiar with the method, the 
student will find it extremely helpful to draw a vector diagram, 
not necessarily to scale, showing each of the currents and voltages 
involved in the particular problem in hand. 

202. Symbolic Expression for a Sine-wave Quantity. — As 
shown in Article 172, a sine-wave quantity may always be rep- 



resented by a vector OA (see Fig. 162) whose length I is equal 
to the r.m.s. value of this quantity, and which makes with an 
arbitrarily chosen axis of reference OX a constant angle 0*. Call 
this axis of reference the X-axis, and let angles be considered 
positive when measured around in the counter-clockwise direc- 
tion. The angle 0» is then to be considered positive when the 
vector OA leads the reference line. Let OF be a s econ d axis 
at right angles to, and leading, the reference axis OX. Call 
this second axis the F-axis. 

The vector OA may be resolved into two components, one 
parallel to and in the direction of the X-axis, and one parallel 
to and in the direction of the F-axis. The component of OA in 
the direction of the X-axis is 

I x = I cos 0» (1) 
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and the component of OA in the direction of the 7-axis is 


Iy = I sin 0< 

(la) 

J = /, + V=ih 

(2) 


Note the dot under the J. Then /, which by definition is 
algebraically equal to J, + V—l Iy, is called the “symbolic 
expression” for the sine-wave quantity represented by this 
vector. 

Instead of using the rather cumbersome symbol 1, the 
letter “j” is usually employed to designate it. That is, putting 

j = V~l (3) 

the symbolic expression for the given sine-wave quantity may 
then be written 

I = I, + jI, (4) 

or 

I = I (cos Bi + j sin Oi ) (4a) 

When the given sine-wave quantity is an electric current of 
r.m.s. value /, equation (4) is then the symbolic expression for 
this current. Similarly, the symbolic expression for a sine-wave 
voltage drop of r.m.s. value V is 

V-V. + jV, (5) 

where V s and V v are the components, in the directions of the 
X-axis and F-axis respectively, of the vector which represents 
this voltage drop. Or, calling d v the angle by which this vector 
leads the axis of reference (the X-axis), 

Y = 7(cos 0, +j sin d v ) (5a) 

Again, the symbolic expression for a sine-wave electromotive 

force of r.m.s. value E is 


E = Ex + jE v (6) 

where E x and E v are the components, in the directions of the X- 
axis and F-axis respectively, of the vector which represents 
this electromotive force. Or, calling 0, the angle by which this 
vector leads the axis of reference (the X-axis), 

E = E ( cos 0 e + j sin d t ) (6a) 
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As shown in the above expressions, when a single letter is used 
to designate the symbolic value of a quantity, a dot is written 
under it. This is for the purpose of distinguishing the symbolic 
value from the numerical value of the given quantity. 

From the above definitions it follows that the relative magni- 
tudes of the two numbers /* and I v which enter into the symbolic 
expression of a sine-wave quantity depend upon the axes of ref- 
erence chosen. In particular, when axes of reference are so 
chosen that the vector which represents the given quantity coin- 
cides in direction with the X-axis, this vector has no component 
along the 7-axis; consequently I s = / and /» = 0, and the sym- 
bolic expression for the given quantity, referred to this axis, is 

/ = I+jO 

or simply 

I = 1 (7) 

Similarly, when the vector which represents the given quantity 
coincides in direction with the 7-axis, then the symbolic 
expression for this quantity, referred to this axis, is 

l = 0+jI 

or simply 

/ = H (7a) 

From equations (1) and (la) it follows that 

IS + V = I 2 (cos 2 di + sin 2 0i) = / 2 

Whence the r.m.s. value of any sine-wave quantity whose sym- 
bolic expression is (7, + jl v ) is always 

I = Vis 2 + ly 2 ( 8 ) 

irrespective of the axis of reference. 

Again, from equations (1) and (la) 

Y = tan di 

Whence the angle by which the vector which represents this 
quantity leads the X-axis is 

di = tan -1 (8a) 

This angle, of course, depends upon the direction chosen as that 
of the X-axis. For example, were the X-axis so chosen that it 
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coincides with the vector representing a given voltage, then the 
angle 0< given by equation (8a) is the angle by which the current 
/ = I, + jl w leads this voltage. 

When the vector which represents a given sine-wave quantity 
lags the axis of reference, the angle 0* is negative, i.e. y is expressed 
by a negative number. Or, calling 0' the angle by which a 
given vector OA (Fig. 163) lags the axis of reference, and I the 
length of this vector, the component of OA in the direction of the 
X-axis is 

I 9 = I cos 0' (9) 

and the component of OA in the direction of the F-axis is 

I v = — / sin 0' (9a) 


Y 



The component I v is negative, since the actual component of OA 
parallel to the F-axis is in the direction opposite to the direction 
of this axis, i.e. f opposite to the directon of the line OF. Let 
V v be the component of OA in the direction opposite to that of the 
F-axis. Then, 

I'v = -ly 

or 

V v = I sin 0' (96) 

The symbolic expression for the quantity represented by the 
vector OA in Fig. 163 is then 

I = Iz + jly ( 10 ) 
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where I v is given by equation (9a), or 

/ = I*- jl'w (10a) 

where V v is given by equation (96). Both of these expressions 
are the same as 

/ = /(cos 6 ' — j sin 0') (106) 

Compare with equation (4a). 

In general, the algebraic signs to be used before the two terms 
in the symbolic expression for a sine-wave quantity depend 
upon the quadrant in which the vector which represents this 
quantity lies, viz. : 


Vector in 

Real Term 

Imaginary 

Term 

First quadrant 

+ 

+ 

Second quadrant 


-f 

Third quadrant 



Fourth quadrant 

+ 






Conversely, the angle by which the vector leads or lags the 
reference axis depends upon the algebraic signs of the real and 
imaginary terms in its symbolic expression, viz. : 


Real Term 

1 Imaginary 
| Term 

Angles 

+ 

+ 

Between 0° and 90°, leading. 

— 

+ 

Between 90° and 180°, leading. 

— 

— 

Between 90° and 180°, lagging. 

+ ■ 

— 

Between 0° and 90°, lagging. 


Problem 1. — The electromotive force of a given generator is 13,000 volts 
and leads by 40 degrees the current supplied by this generator. The 
terminal voltage of the generator is 11,000 volts and leads the current by 
30 degrees. The current is 150 amperes. Assume sine-wave currents and 
voltages. 

Taking the vector which represents the current as the axis of reference 
(the X-axis), write the symbolic expressions for (a) the electromotive force, 
(6) the terminal voltage and (c) the current. 

Answer.— (a) $ = 9950 + /8360. (6) V = 9530 + /5500. ( c ) / = 150. 

Problem 2. — If, in Problem 1, the vector which represents the terminal 
voltage is taken as the axis of reference, what will be the symbolic expree- 
12 
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sions for (a) the electromotive force, (b) the terminal voltage and (c) the 
current? 

Answer.— (a) $ - 12,800 + J2260. (6) 7 - 11,000 + jO. (c) / - 

130 — /75. 

Problem 3. — The symbolic expressions for the two currents in the two 
branches of a parallel circuit, referred to the voltage drop through this 
circuit, are 

h - - 40 + j60 
U = 25 - j*15 

(a) What is the numerical (r.m.s.j value of each current? ( b ) What 
is the difference in phase between each current and the voltage drop? 
(c) What is the difference in phase between the two currents? (d) What 
are the components of the resultant current in phase with, and 90 degrees 
ahead of, the voltage drop in the external circuit? (e) What is the symbolic 
expression for this current referred to the voltage drop? Compare with 
the algebraic sum of the symbolic expressions for 7i and h. (/) What is 
the numerical value of this resultant current? (g) What is the difference 
in phase between this resultant current and the voltage drop? (h) Draw 
to scale a complete vector diagram. 

Answer. — (o) I\ = 72.1 amperes and It =* 29.2 amperes. (6) L leads 
the voltage drop by 123.7 degrees and It lags the voltage drop by 31 degrees, 
(c) 154.7 degrees. ( d ) 15 amperes in the opposite direction to the voltage 
drop, and 45 amperes 90 degrees ahead of the voltage drop, (c) / — — 15 + 
i45, which is the algebraic sum of the symbolic expressions for h and It, 
viz., / i= A -f (/) 47.4 amperes, (g) The resultant current leads the 
voltage drop by 108.4 degrees. 

Problem 4 . — Using the vector which represents the current in Fig. 139, 
as the axis of reference, show that (a) the symbolic expression for the voltage 
at the receiver is 

Y - V (cos 0 -f i sin 0) 

(b) The symbolic expression for the impedance drop in the line is 

y. = rl + jxl - (r + jx)I 

(c) The symbolic expression for the voltage at the generator is 

(V cos 0 + rl) +j ( V sin 0 + xl) 

- V + (r +jx)I - Y + V. 

Note that the symbolic expression Vo for the generator voltage is the 
algebraic sum of the symbolic expression V for the voltage at the receiver 
and the symbolic expression V* for the impedance drop in the line. On the 
other hand, the numerical value V 0 of the generator voltage is NOT equal 
to the sum of the numerical value V of the receiver voltage and the numerical 
value of the impedance drop 7., but 

Vo = y/ iy cos 0 -f r/)* + (7 sin 0 + xl )* 

Compare with equation (8). 
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203. Addition and Subtraction in Symbolic Notation. — As 
illustrated in the last two problems, the symbolic expression for 
the resultant of two sine-wave quantities of the same nature (i.e. 
two currents or two voltages), both referred to the same axis of 
reference, is equal to the algebraic sum of the symbolic expressions 
for these two quantities. This relation is a perfectly general 
one. That is, let fi, I 2 , /s, etc., be the symbolic expressions for 
the several quantities under consideration, aU referred to the 
same axis of reference. Then the resultant of these several quan- 
tities, referred to this same axis, is 

f = fi + + /s +, etc. (11) 

Or, using the subscripts x and y y to indicate the algebraic values of 
the components of these several quantities in the direction of, and 
90 degrees ahead of, the axis of reference, 

I» + jly = {fix + 1 2x + Iz* + etc.) + j(I\ y + I 2 y + Izy + etc.) 

(11a) 

This relation is nothing more than a convenient mathematical 
statement of the fact that the components, in two mutually 
perpendicular directions, of the resultant of any number of vectors 
are respectively the sum of the components, in these same direc- 
tions, of these several vectors (see Article 2). Equation (11a) is 
actually two equations in one, namely, a statement of the fact 
that 

I» = I ix + I*x + Izx + etc. (12) 

Iy ~ Ily + 1 2y + Izy + etc. (12a) 

In exactly the same way, when the instantaneous values of a 
sine-wave quantity I are the difference between the instantaneous 
values of two other sine- wave quantities I\ and J 2 , the symbolic 
expression for I is 

/ — fi “ 1 2 (13) 

where |i and I 2 are the symbolic expressions for Ii and I 2 . Or, 
when the subscripts x and y are used to indicate the components 
of / 1 and 1 2 in the direction of, and 90 degrees ahead of, the 
axis of reference, 

I = I lx “ I%x + j(Ily — I 2 J) (13a) 

As far as addition and subtraction is concerned, the symbol 
j may be looked upon as signifying merely that the ^-components 
are 90 degrees ahead of the ^-components. The reason for tak- 
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ing j mathematically equal to — 1 is due to the fact that when 
it is so interpreted, the impedance of a circuit may also be rep- 
resented by a complex number, and the product of the symbolic 
impedance of the circuit by the symbolic expression for the cur- 
rent in this circuit gives the symbolic expression for the im- 
pedance drop through it (see the next article). 

Problem 5. — (a) Show that the symbolic expressions for three balanced 
three-phase currents of r.m.s. value 7, when the vector representing one 
of these currents is taken as the reference vector, are 
/i=/+i° 

»-(- 

(6) From these expressions prove that the current in the neutral wire of 
a balanced three-phase ^-connected system is zero, (c) Show that if these 
are the phase currents in a A-connection, the symbolic expression for the 
line current in the line connected to the junction of phase 2 and phase 3 is 
j \/3 /, and therefore the r.m.s. value of the line current is \/3 times the 
r.m.s. value of the phase current, and that this particular line current leads 
the current in phase 1 by 90 degrees. Compare with Fig. 153. 

204. Symbolic Expression for Impedance. — In Fig. 164 the 
vector OA represents a current of r.m.s. value I flowing in 
a circuit whose resistance is r and whose reactance is x. Then the 
impedance drop V t in this circuit is represented by the vector 
OB, whose component in the direction of OA is OD = rl , and 
whose component 90 degrees ahead of OA is DB = xl. 

Let 0 be the angle by which the vector representing the current 
I leads the reference line. Then the symbolic expression for 
the current J is 

/ = I (cos 0 + j sin 0) 

Or, putting I x = I cos 0 and I v = / sin 0, 

l = U + jly (14) 

The symbolic expression for the impedance drop V z is (see 


Fig. 164) 

Y. = OF + jFB 

(15) 

But 

OF = OG — FG = OG — C£) 


and 

= OD cos 0 — DB sin d 


FB =FC + CB 



= OD sin 0 + DB cos 0 
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But OD is equal to the resistance drop rl and DB is equal to 
the reactance drop xl in this circuit. Consequently, equation 
(15) is equivalent to 

V = (r7cos0 — z7sin0) + j(xl cos 6 + r7sin0) 

But 7cos0 = 7, and 7sin0 = 7„. Whence this expression may 
be written 

Y = rl x - xly +j(xl x + rly) 


B 



This expression is identical with the algebraic product 

Y = (r +jx )(7. + .7*7,) (15a) 

when for j is substituted the numerical value V — 1; for then 
(jx) X (j7 y ) = j 2 a;7y = — z7y. Note also that 7, + j7y = / 
is the symbolic expression for the current 7. 

The complex number 

* = r + jx (16) 

is defined as the symbolic expression for the impedance z. Or, 
when an impedance is expressed in this manner, it is said to be 
expressed in symbolic notation. Consequently, in symbolic no- 
tation, the impedance drop in a circuit may be written 

Yz = f / (17) 

where z and / are respectively the impedance of the circuit and 
the current in it, both in symbolic notation. 
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Since in the symbolic expression for an impedance the real 
term is always the resistance and the imaginary term is always 
equal numerically to the reactance, the symbolic expression for 
an impedance is independent of the axis of reference in the vector 
diagram . However, the numerical values of the real and im- 
aginary terms in an impedance drop do depend upon the direction 
of this axis. 

A special case of equation (17) was deduced in Problem 4, in 
which it was shown that the symbolic expression for the im- 
pedance drop in a transmission line is 7, = (r + jx) J, where the 
vector representing the current I was taken as the axis of 
reference. 

Equation (17) is identical in mathematical form with Ohm’s 
Law for the resistance drop due to a direct current, viz., with the 
expression V r = r/, except that in equation (17) the quantities in- 
volved are expressed by complex numbers , whereas in Ohm’s Law 
all quantities are expressed by real numbers. 

Similarly, in symbolic notation the relation between the elec- 
tromotive force E of a generator, its terminal voltage 7, the cur- 
rent / through it, and its internal impedance ?, is 

7 = E - ?/ (18) 

which is of exactly the same form as the corresponding relation 
7 = E — rl for a direct-current generator. 

Again, when the circuit under consideration is a receiver of 
alternating-current energy, the symbolic expression for the ter- 
minal voltage is 

7 = E + ?/ (18a) 

where E is the symbolic expression for the electromotive force 
(if any) in this receiver in the direction opposite to that of the 
current represented by /, viz., the back electromotive force of the 
receiver. Compare with the corresponding relation 7 = E + 
rl for a direct-current receiver. 

Problem 6. — A single-phase alternator delivers 25 kilowatts at a power 
factor of 85 per cent., the current lagging. The terminal voltage of the 
armature is 500 volts. The armature winding has a resistance of 0.25 
ohm and a reactance (assumed constant) of 0.377 ohm. Assume sine-wave 
currents and voltages. 

(a) What is the symbolic expression for the impedance of the armature 
winding? Taking the vector which represents the terminal voltage of the 
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armature as the axis of reference, write the symbolic expressions for (6) 
the armature terminal voltage, (c) the armature current, (d) the internal 
impedance drop, and (e) the electromotive force generated in the armature. 

( f ) What are the numerical values of these quantities? (9) What is the 
difference in phase between the armature terminal voltage and the generated 
voltage? Draw a complete vector diagram. 

Answer.— (a) 0.25 +>0.377. (6) 500 +>0. (c) 50 ->31.0. (d) 24.2 + 

>11.1. (e) 524.2 +>11*1. if) Impedance is 0.453 ohm, terminal voltage 

500 volts, armature current 58.8 amperes, generated voltage 524.3 volts. 

(g) The generated voltage leads the terminal voltage by 1.2 degrees. 

Problem 7. — (a) What is the symbolic expression for the internal impe- 
dance drop in the generator described in Problem 1, Article 202? (b) What 
is the symbolic expression for the internal impedance of the armature? 
(c) What is the internal resistance and reactance of the armature? (d) 
What is the numerical value of the internal impedance? (e) Draw to scale 
a complete vector diagram, showing the generated voltage, the terminal 
voltage, the impedance drop, the resistance drop and the reactance drop. 

Answer. — (a) 420 + >2860. (b) ? *=* 2.80 + >19.1. (e) Resistance 2.80 

ohms, reactance 19.1 ohms, (d) 19.3 ohms. 

20B. Symbolic Expression for Admittance. — By exactly the 
same process of reasoning as that employed in the preceding 
article, it may be shown that the symbolic expression for the cur- 
rent in a circuit, in which there is no externally produced electro- 
motive force, may be written 

/ = (g - ib)Y (19) 

where Y is the symbolic expression for the voltage impressed 
on this circuit, and g and b are respectively the effective conduct- 
ance and effective susceptance of this circuit. The susceptance 
b is taken positive when inductive (see Article 180). 

The complex number 


V = g - jb (20) 

is therefore taken as the symbolic expression for the admittance 
of the given circuit. Equation (19) may then be written 

/ = yv (21) 

These expressions should be carefully compared with the corre- 
sponding symbolic relations between current, voltage and impe- 
dance, as given in the preceding article. 

By definition (see Article 180) the numerical value of the ad- 
mittance of a circuit is equal to the reciprocal of the numerical 
value of its impedance. It may readily be shown that this 
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same relation also holds between the symbolic expressions for 
admittance and impedance, when for j is substituted the 
numerical value \/^l, and therefore j 2 = — 1. That is, if 
? = r + jx is the symbolic expression for an impedance of resistance 
r and reactance x , then the symbolic expression for the admit- 
tance corresponding to this impedance is 

y = l ( 22 ) 

This follows from the fact that 

1 r — jx r — jx _ r __ ./ x \ 

r + jx ~ (r + jx) (r — jx) ~~ r 2 + x 2 ~ r 2 + x 2 * \r 2 + xV 

From equations (29a) and (296) of Article 180, the conductance 
and susceptance corresponding to a resistance r and reactance x 
in series are respectively 

" r 2 + x 2 r 2 + x 2 

Whence 

7+Jc = a - jb 

In like manner it may be shown that 

1 


Problem 8. — A certain condenser has an effective leakage conductance of 
1.5 micromhos, and a capacity of 0.02 microfarads. 

(a) What is the symbolic expression for the admittance of this condenser 
to a 60-cycle voltage? ( b ) What is the symbolic expression for the current 
taken by this condenser when a sine-wave voltage of 25,000 volts is impressed 
on its terminals, taking the vector which represents the voltage as the axis 
of reference? (c) What is the numerical value of this current? (d) The 
power factor of the condenser ? (e) Draw to scale a complete vector diagram. 

Answer.— (a) y = (1.5 +/7.54) X 10~«. (6) / = 0.0375 + j0.188. (c) 

0.192 ampere, (d) 19.5 per cent., current leading. 

Problem 9. — A sine-wave voltage of 200 volts impressed on the terminals 
of a certain circuit, in which there is no externally produced electromotive 
force, produces a sine-wave current of 50 amperes which lags this voltage 
by 60 degrees. 

(o) Write the symbolic expression for the voltage in the circuit referred 
to the current. (6) Write the symbolic expression for the current referred 
to itself, (c) From these two expressions, what is the symbolic expression 
for the impedance of the circuit? (d) In a similar manner, using the 


(22a) 

(23) 
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voltage as the reference vector, write the symbolic expression for the 
admittance of the circuit, (e) If the frequency is 60 cycles per second, 
what is the effective inductance of this circuit? 

Answer. — (a) f = 100 + J173. (6) / = 50. (c) ? = 2 + y3.46. (d) 

V = 0.125 - yO.217. (e) 9.18 millihenry. 

206. Symbolic Expressions for Impedances in Series and in 
Parallel. — As shown in Article 181, two or more impedances Z\, 
zj, etc., in series are equivalent to a single impedance 

z = Vr 2 +x* 

where 

R = ri + r 2 + etc. (24) 

X = zi + x 2 + etc. (24a) 

and r ly r 2 , etc. , are the resistances, and x ly x 2y etc., are the reactances 
of these several impedances. From Article 204, the symbolic 
expression for the impedance Z is Z = R + jX y and the symbolic 
expressions for the individual impedances are zi = r\ + jx i, z 2 = 
r 2 + jx 2y etc. Whence, from (24) and (24a), 

? = (ri + r 2 + etc.) + j(x\ + x 2 + etc.) 

= (ri + jx i) + (r 2 + jx 2 ) + etc. 

or, 

Z = f i + f 2 *f* etc. (25) 

That is, when impedances are expressed in symbolic notation , 
they may be added algebraically, just as resistances in a direct- 
current circuit are added algebraically. 

In a similar manner it may be shown that when admittances 
are expressed in symbolic notation they may also be added 
algebraically. That is, when two or more circuits are connected 
in parallel, and there is no externally produced electromotive force 
in any one of these circuits, these several circuits are equivalent 
to a single circuit whose admittance in symbolic notation is 

Y = Vi Vi 4“ etc. (26) 

where V, V 2y etc., are the symbolic expressions for the admittances 
of the several circuits. 

When any one of the parallel circuits contains an externally 
produced electromotive force, e.g. y when any one of the circuits 
is the armature winding of a motor or generator, or either wind- 
ing of a transformer, equation (26) is not applicable. Such cir- 
cuits must be treated in the same manner as direct-current cir- 
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cuits which contain electromotive forces (see Article 51). For 
example, equations (16), (17), (18), (18a) and (19) of Article 51 
are directly applicable to two alternating-current generators in 
parallel, provided the resistances are changed to impedances, 
and all quantities are expressed in symbolic notation . However, 
it should be carefully noted that the equations for power cannot 
be thus treated; for example, equation (20) of Article 51 for the 
power lost in the windings of two direct-current generators is not 
applicable to alternating-current generators. 

Equation (26) may also be written 

\ = f + \ + etc. (26a) 

4 z i z * 


where % is the symbolic expression for the single impedance 
equivalent to the several impedances in parallel, and z i, z 2) etc., 
are the symbolic expressions for the individual impedances. 
Compare with equation (12), Article 51, for resistances in parallel 
in direct-current circuits. 

A special case of frequent occurrence is that of only two im- 
pedances in parallel. In this case equation (26a) may be written 


Z1Z2 

? = — ”7" 

v Zi + z 2 


(266) 


Compare with equation (14), Article 51. 

When the impedances f 1 and in equation (266) are expressed 

in terms of their resistances and reactances, this equation be- 
comes 

Tf , ,y _ + JSQfa + j«l) 

+ J ~ (r, + j Xl ) + (r, + 3X2) 


or 


T? , Y - TlTi - XlXi + + r » a; i) 

' (ri + r 2 ) + j(x 1 + x t ) 


(26c) 


The second term of this last expression is of the general form 


A +jB 
C + jD 


(27) 


where A, B,C, and D are all real quantities. Such an expression 
may be readily reduced to the form M + jN by multiplying 
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numerator and denominator by C —jD, remembering that 
j* = — 1 . This gives 

A+jB (A+jB)(C-jD) 

C + jD C* + D* 

AC + BD . (BC- AD\ 

C i + D t \ C*+D* ) 

Whence the numerical value of the real part of (27) is 

m = ac±bd 

c a + D* 

and the numerical value of the imaginary part is 

BC- AD 


(27 a) 


N = 


C 2 + p 2 


(276) 


A fraction of the form 


A+jB 


is called an “ irrational ” com- 


C + jD 

plex number. By the process just described such an expression 
may always be “rationalized,” or reduced to the form of a simple 
complex number, viz., to the form M + jN, where M and N are 
real numbers. As may be readily seen by rationalizing equation 
(26c), this process usually leads to a relatively complex expres- 
sion, when algebraic symbols are used for the numbers involved. 
However, when actual numbers are used, and each arithmetical 
operation is performed as it arises, the process of rationalizing 
a complex fraction is relatively simple. 




*1 — 4 



For example, referring to Fig. 165, if the first impedance has a 
resistance of 3 ohms and an inductive reactance of 4 ohms, and 
the second impedance has a resistance of 7 ohms and a capacity 
reactance of 6 ohms, the symbolic expressions for these impe- 
dances are 

i = 3+j4 
* 2 = 7- j6 
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Whence 

?i + ?* = 10 - j2 

?i?t = (3 + j4) (7 - j6) 

= 21 + 24 + j(28 - 18) - 45 + j 10 

?i?2 45 + ylO _ (45 +jl0)(10 +j2) 

«!+ 2, ~ 10 -j2 100 + 4 

450 - 20 + j(90 + 100) 

104 

430 .190 

“ 104 + 3 104 
= 4.13 + jl.83 

The two impedances in parallel are then equivalent to a single 
impedance whose resistance is 4.13 ohms and whose reactance 
is 1.83 ohms. The reader should check this deduction by the 
method given in Article 183. 

Problem 10. — Solve Problem 13, Article 183, by the symbolic method. 

Problem 11. — Three impedances A, B and C have resistances of 5, 8 and 
3 ohms respectively and reactances of 14, 0 and — 10 ohms respectively. 
Find the symbolic expressions of the resultant impedance of these three 
impedances, (a) when they are connected in series, (6) when they are 
connected in parallel, (c) Find the symbolic expression of the resultant 
admittance of these three impedances when they are connected in parallel. 

Answer.— (a) 16 + j4. (6) 5.56 - jO.902. (c) 0.1751 + 7*0.0284. 

Problem 12. — Two impedances A and B , of 4 and 12 ohms resistance 
respectively, and of 15 and —8 ohms reactance respectively, are con- 
nected in series. If the current established in this circuit is 10 amperes, 
write the symbolic expression for the potential drop, (a) through A , (6) 
through B f and (c) through the entire circuit, all referred to the current as 
the axis of reference. ( d ) What are the numerical values of these voltages? 

Answer— (a) 40 + 7*150. (6) 120 - 7*80. (c) 160 + j7 0. (d) 155, 144, 

175 volts respectively. 

Problem 13. — Two impedances A and B, whose resistances are 4 ohms 
and 5 ohms respectively, and whose reactances are respectively 8 ohms 
inductive and 3 ohms condensive, are connected in parallel. If the total 
current supplied to this parallel circuit is 20 amperes, write the symbolic 
expressions for (a) the currents in A and B f and (6) the potential drop across 
the parallel circuit, all referred to the total current supplied to the circuit, 
(c) Whal are the numerical values of these currents and what is the numer- 
ical value of the voltage? 

Answer.— (a) 5.66-7*9.81 and 14.34+7*9 81. (W 101.1 +/6.0. (c) 
11.3 and 17.4 amperes and 101.3 volts respectively. 
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Problem 14. — An impedance A is connected in series with two impedances 
B and C connected in parallel. The resistances of A , B and C are 3, 
5 and 6 ohms respectively and the reactances are 5,-7 and 3 ohms re- 
spectively. 200 volts are impressed across the entire circuit. Write the 
symbolic expressions for the currents in A, B and C, referred to the 
potential drop A . 

Answer.— 11.4-/19.1; 12.5 ->2.80; -1.04-/16.3. 


207. Kirchhoffs Laws in Symbolic Notation. — The distribu- 
tion of direct currents in any kind of conducting network, 
no matter how complicated, may always be determined by the 
application of the two fundamental principles known as Kirchhoff ’s 
Laws, viz., (1) the algebraic sum of the currents entering each 
junction point of the network is zero, and (2) the algebraic sum 
of the resistance drops around any closed loop in the network 
is equal to the algebraic sum of the electromotive forces in this 
loop. From the definitions and relations stated in the preceding 
articles it follows that, on the assumption that the alternating 
currents and electromotive forces in a given network are all sinus- 
oidal, these same two laws also hold for the symbolic expressions 
for these quantities, except that the impedance drops (in symbolic 
notation) must be substituted for the resistance drops. 

That is, for sine-wave currents and voltages: 

(1) The algebraic sum of the symbolic expressions for the sev- 
eral currents entering any junction point in a conducting net- 
work is zero, provided the same axis of reference is used for all 
these currents. 

(2) The algebraic sum of the symbolic expressions for the 
impedance drops around any closed loop in the network is equal 
to the algebraic sum of the symbolic expressions of the elec- 
tromotive forces acting around this loop in the same direction, 
provided the same axis of reference is used for all the currents 
and all the electromotive forces. 

These two laws may be stated mathematically as follows: 
Let /io, / 20 , etc., be the symbolic expressions for the currents 
which enter any junction point 0 (see Fig. 166), dU referred to 
the same axis of reference. Then 

ho + ho + etc. = 0 (28) 

Let ?i 2 , ? 2 «, etc., be the symbolic expressions for the impedances 
of the separate branches which form any closed loop 1, 2, 3, etc., 
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in the network (see Fig. 167). Let In, etc., be the symbolic 
expressions for the currents which exist in these several branches 
in the same relative direction around the network, and all referred 
to the same axis of reference. Let # 12 , # 23 , etc., be the symbolic 
expressions for the electromotive forces (if any) in these branches 
in the same relative direction around the network as the currents, 






and all referred to the same axis of reference as used for the cur- 
rents. Then 

?i*/i 2 + ?23/23 + etc. = #12 + #23 + etc. (29) 

The electromotive forces represented by the E’s in this equation 
are the externally induced electromotive forces, such as those due 
to generators or motors, or to the mutual inductance of the two 
windings of a transformer. The electromotive forces due to 
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self-inductance and capacity are taken account of by the react- 
ance terms of the impedances. 

In applying Kirchhoff’s Laws in symbolic notation, careful 
attention must be paid to algebraic signs. The double subscript 
notation will be found a great help in this connection, particularly 
when the network is at all complicated. When the double sub- 
script notation is used, an electromotive force, say, from 1 to 2 
is represented by the symbol #i 2 , whereas an electromotive force 
from 2 to 1 is represented by the symbol # 2 i. If referred to 
a given axis of reference is En = E a + jE V) then En referred to 
this same axis of reference is En = —E m — jE v . Hence, sub- 
stracting Eit is the same as adding # 2 i. 

Another way of indicating the direction which is to be taken as 
the positive sense of the quantity represented by a given Bymbol 
is to place an arrow on the circuit diagram, directly along side 
the given symbol, and take as the positive sense of the given 
quantity the direction of this arrow. When this scheme is em- 
ployed but a single subscript is needed. In simple networks 
this method is often preferable to the double subscript method. 

An impedance, of course, has no direction, and when written 
with a double subscript merely signifies the impedance between 
the two points corresponding to these subscripts. 

Each equation of the form (28) or (29) is in reality equivalent 
to two equations, since the sum of all the real terms on one side 
must be equal to the sum of all the real terms on the other side, 
and similarly, the sum of all the imaginary terms on one side 
must be equal to the sum of all the imaginary terms on the other 
side; all fractions having been “rationalized” as explained in 
Article 206. That is, the component, in the direction of the 
X-axis of the resultant of any number of vectors must be equal 
to the algebraic sum of the components, in this direction, of all 
the individual vectors; and similarly for the component along 
the F-axis. These two laws therefore enable one to calculate 
both components of every voltage and of every current, when 
the impedances and the electromotive forces are known. 

It should be clearly borne in mind that the above equations 
are true only for the symbolic expressions for the currents, elec- 
tromotive forces and impedances. These equations are not true 
for the numerical values of these quantities. That is, the sum 
of the currents entering a junction as measured by ammeters in 
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the various branches is not necessarily zero; again, the sum of the 
potential drops in the various branches of a closed loop , as measured 
by voltmeters connected across the various branches , is not 
necessarily zero. 

Again, these equations hold only when the currents and voltages 
vary sinusoidally with time, have the same frequency, and when 
the resistances and reactances are constant. When, however, the 
resistances, inductances and capacities are constant, it may be 
shown that a similar set of equations holds for each frequency 
that may be present. Since the equations are all linear in the 
Vs and E's, the currents and electromotive forces of any given 
frequency will be uninfluenced by the presence of currents or 
electromotive forces of any other frequency. Hence, when the 
harmonics present in each electromotive force are known (see 
Article 213), the harmonics present in each current may be cal- 
culated by solving the equations corresponding to the frequency 
of this particular harmonic, these equations being exactly the 
same as would hold were all the other harmonics absent. 

Note particularly that the above equations do not hold for 
transient currents. 


3 3 



Problem 16. — A non-inductive resistance of 10 ohms, a coil whose react- 
ance is 10 ohms and whose resistance is negligible, and a condenser whose 
capacity reactance is 10 ohms and whose effective conductance is zero, are 
connected in F (see Fig. 168), and this Y is connected to the terminals of a 
F-connected generator whose electromotive forces are balanced. The 
internal impedance of the generator is negligible. The electromotive force 
generated in each phase of the generator is 100 volts. 

(a) What are the impedances of the three branches of the F-connected 
load? ( b ) Taking the vector which represents the electromotive force from 
the neutral to terminal No. 1 as the axis of reference, write the symbolic 
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expressions for the three generated electromotive forces, (e) Designating 
the symbolic values of the currents in the three branches of the load /io, 
I to and /so, write in symbolic notation the loop equations for the loop 
n — 1 — 1— 0 — 2 — 2 — n and for the loop n — 3— 3— 0— 2— 2 — n. 
(d) Write the junction point equation at the neutral 0. (e) Solve these 

three equations for /io, /so and /ad. if) What are the r.m.s. values of the 
currents in the noninductive resistance, in the coil and in the condenser? 
(g) Are these currents balanced? (h) What is the difference of potential 
between the neutral point of the generator and the neutral point of the 
load, (i) Draw to scale a complete vector diagram showing the currents in 
the three branches of the Y and the voltages between each terminal and 
its neutral point. 

Answer : 

(a) *io = 10 + /0 
*io B 0 + 7*10 
*30 - 0 — 7*10 

(c) 150 — .786.6 = 107 io -7*10/*o 

— 7*173.2 *■ —7*107 so —7IO/20 

(d) 1 10 + /10 + /so " 0 

(c) /10 = - 17.32 

/so = 8.66 +7*32.32 
j.o - 8.66 - 7*32.32. 

(/) 17.32 amperes in the resistance and 33.4 amperes in both the coil and 
the condenser. (7) No. (h) 273.2 volts. 

208. Power and the Real and Imaginary Terms in the Sym- 
bolic Expressions for Current and Voltage. — The average power 
input (or output) corresponding to a current I and voltage V 
may be readily expressed in terms of the real and imaginary 
terms in their symbolic expressions. Referring to Fig. 169, 
let OA and OB be respectively the vectors which represent 
the current in any given circuit and the voltage drop through 
this circuit in the direction of the current. Let I x be the com- 
ponents of OA in the direction of the X-axis (axis of reference) 
and let I v be the component of OA in the direction of the F-axis. 
Let V x and V v be the corresponding components of OB. Let 
$i and 6 V be the angles by which OA and OB lead the reference 
axis. Let 0 = 0 V — be the difference in phase between the 
voltage and the current. 

The average power input to the circuit is then, from Article 167, 
P = VI cos 6 

= VI cos ( 6 V — $i) 

= VI cos 6 V cos Si + VI sin 6 V sin 6i 

13 


(6) E nl - 100 +7O 
Em - - 50 +786.6 
En t 85 50 786.6 
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From the figure 

I cos Si = OC = I x 
I sin di = CA = I v 
V cos d v = OD = 7, 

7 sin 0„ = £B = 7„ 

Consequently, when the symbolic expressions for the current 
and voltage, referred to any common axis are 


l—Iu+jly (30) 

and 

Y = V. + jVy (30 a) 



the average power input to the circuit is 

P = VJ,+ Vyly (31) 

In applying this expression attention must be paid to the 
algebraic signs of the X and Y components. For example, 
consider a current and voltage whose symbolic expressions are 

1 = 5- jlO 
7 = 100 + j40 

The component of the current in the direction of the 7-axis 
is then negative, namely, /„ = — 10. Whence the power input 
is 

P = 5 X 100 - 10 X 40 = 100 
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It Bhould be carefully noted that the above expression, for 
power, equation (31), is NOT the real part of the product of the 
symbolic expressions for the current and voltage. The product of 
V = V x + jV y and I = I x + jl v is, noting that j 2 = — 1, 

VI = VJ X - Vyly + j(VJy + V yl 9 ) 

The real part of this product is 

VJ X - Vyly 

whereas the average power is 

P = VJ X + Vyly 

A convenient way of remembering the expression for power, 
however, is that it is equal to the real part of the product VI 
with the sign between the two terms REVERSED . 

Problem 16 . — A 25-cycle, three-phase, balanced load of 20,000 kilowatts 
is delivered to a substation over a three- wire line 50 miles long. The voltage 
between wires at the substation is 60,000 volts, and the substation power 
factor is 90 per cent., the current lagging The line wires are No. 0000 
A. W. G. stranded copper symmetrically spaced 6 feet apart. The re- 
sistance of each line wire is 0.27 ohm per mile and the reactance is 0.30 ohm 
per mile. Sine-wave currents and voltages are to be assumed. (This 
is the same load and line as in Problem 3, Article 191 and in Problem 6, 
Article 196.) 

Using the vector which represents the line current in one wire as the axis 
of reference, write the symbolic expressions (a) for this line current, (b) for 
the voltage at the load between this line and the neutral, (c) for the impe- 
dance of this line, (d) for the impedance drop m this line, and (e) for the vol- 
tage at the power house between this line and the neutral. (/) What is the 
;.m s. value of the voltage to neutral at the power house? ((7) What is the 
r m.s. value of the line voltage at the power house? (h) What is the power 
factor of the total load on the power house? Using equation (31), calculate 
(i) the power input of each phase of the load, (j) the power lost in each line 
wire, and ( k ) the power output of each phase of the power house. Compare 
with the solution to Problems 3 and 6, Articles 191 and 196. 

Answer:— {a) / - 214. (6) V - 31,180 +715,100. (c) ? = 13.5 + 7*15. 

(d) ?/ - 2890 + i3210. (e) V 0 = 34,070 + 718,310. (J) 38,700 volts. 
( g ) 67,000 volts, (h) 88.1 per cent, (i) 214 X 31,180 watts *= 6670 kilo- 
watts. (7) 214 X 2890 watts =» 619 kilowatts. ( k ) 214 X- 34,070 

watts = 7290 kilowatts. 

Problem 17 . — Referring to Problem 16, what is the symbolic expression 
for (a) the line current referred to the voltage to neutral at the load, and for 
(6) the voltage to neutral at the power house referred to this same axis? 
(c) From these two symbolic expressions calculate the power output of each 
phase of the power house. Compare with ( k ) of Problem 16. 

Answer— (a) /= 192.6 -7*93.3. (6) 38,640 +7*1630. (c) 38,640 X 

192.6 — 1630 X 93.3 watts — 7287 kilowatts, which checks with (k). 
Problem 16. 
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NON -SINUSOIDAL ALTERNATING QUANTITIES 

209. Introduction. — As has been noted a number of times, the 
wave shapes of alternating quantities (e.g. currents, voltages, 
magnetic fluxes, etc.) are seldom pure sine waves. The analysis 
of any phenomenon involving non-sinusoidal quantities is based 
upon a principle first stated by Fourier, namely, that any con- 
tinuous alternating quantity of constant frequency may be re- 
solved into a sum of sine-wave quantities whose frequencies are 
integer multiples of this frequency. That is, when the instan- 
taneous values i of a given alternating quantity of constant 
frequency/ vary with time in any manner whatever, this variation 
may always be expressed by a series of the form 

i = h sin (c ot + 61) 4-/2 sin (2 o)t + 0 2) + 

7 3 sin (3 cot + 0 3 ) + etc. (1) 

where <0 = 2irf, and I h J 2 , J 3 , etc., and 0i, 0 2 , 0 3| etc., are constants. 
A series of the form given by equation (1) is called a “ Fourier’s 
series. ” 

The first term in this expression, which is a sine-wave quantity 
of the same frequency as the given alternating quantity, is called 
the “fundamental,” or “first harmonic,” of the given quantity. 
The term which has twice the frequency of the fundamental is 
called the “second harmonic,” the term which has three times 
the frequency of the fundamental is called the “third harmonic,” 
etc. The sum of the harmonics (including the fundamental 
or first harmonic) may be conveniently designated the “resultant.” 
In Fig. 170 is shown, by the heavy curve, the wave form of a 
non-sinusoidal alternating quantity which contains in addition 
to the fundamental, the third and seventh harmonics. 

When the wave form of a non-sinusoidal quantity is sym- 
metrical, in such a manner that every pair of ordinates a half 
period apart are numerically equal, but opposite in sign, only 
the odd harmonics can be present. This may be seen by 
plotting an even harmonic of any order (e.g., a harmonic whose 
frequency is 2, or 4, or 6 times the frequency of the fundamental). 

196 
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It will then be evident that any two ordinates in this harmonic, 
at a distance apart equal to a half period of the resultant, will 
have the same sign. Hence the corresponding ordinates of the 
resultant will be unequal. Consequently, if each positive ordi- 
nate of the resultant is numerically equal to the negative 
ordinate which is a half period from it, the resultant cannot 
contain an even harmonic. 

In practice the wave shapes of most alternating quantities 
are symmetrical in the sense just described, and therefore con- 
tain only the odd harmonics. This, however, is not always 
the case, for under certain special conditions even harmonics 



Fig. 170 . 


The wave shape of the electromotive force of an alternator 
is determined primarily by the distribution of the magnetic 
flux in its air-gap. If the flux density in the gap varies sinusoid- 
ally with distance measured circumferentially around the ar- 
mature, the electromotive force will be sinusoidal, assuming the 
armature conductors to be symmetrically spaced. Such a 
distribution of flux can be approximated by properly shaping 
the field poles, but can never be completely realized in a slotted 
armature. The effect of the teeth is to produce harmonics 
of relative high order, as evidenced by the sharp jags in the 
resultant wave. 

As will be shown in Article 214, it is always possible to deter- 
mine, from the wave shape of the resultant, the order, maximum 
values and phase angles of all the harmonics present. 
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210. The Oscillograph. — The wave shape of a current or vol- 
tage may be determined experimentally by means of an instru- 
ment called an “oscillograph.” This instrument is essentially 
a galvanometer whose moving element, called the vibrator, 
has an extremely short period, usually about Mooo °f a second. 
A vibrator of such short period will follow with practical accuracy 
any variations in the current through it which has a frequency 
of less than 2000 cycles per second. 


T i 


Fig. 171. — Vibrating element of oscillograph. 

The vibrator (Fig. 171) consists of two strips of flattened wire 
stretched over bridges, with a small mirror cemented to the strips. 
This arrangement is equivalent to a coil of one turn. This coil is 
placed between the poles of a magnet, thereby forming a one-turn 
galvanometer. To provide suitable damping, the vibrator is 
immersed in oil. 

To determine the wave shape of the current in a given circuit, 
the vibrator is connected across a non-inductive shunt in series 
with the circuit. A strong light, usually from an arc-lamp, is 
projected on the mirror, from which it is reflected, through suit- 
able prisms and lenses, to a ground-glass plate or photographic 
film. For direct visual observations a rotating mirror is placed 
in the path of the light reflected from the mirror, so that the 
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spot of light on the ground-glass plate is given a uniform motion 
at right angles to its deflection produced by the oscillation of 
th& vibrator. When a photographic film is used the film itself 
is moved, and the rotating mirror is hot needed. Due to the two 
motions at right angles to each other, the spot of light reflected 
from the mirror will trace on the ground-glass plate, or on the pho- 
tographic film, a curve whose ordinates are directly proportional 
to the instantaneous values of the current, which curve, by 
definition, is the wave shape of the current. 

The wave shape of a voltage is determined in exactly the same 
manner, except that the vibrator, in series with a high resistance, 
is shunted across the terminals of the circuit. The oscillograph 
then becomes an “instantaneous voltmeter.” 

The curves obtained by means of an oscillograph are called 
“oscillograms.” For further details in regard to the construc- 
tion and use of this instrument see the article on Oscillographs 
in Pender's Handbook for Electrical Engineers . 

211 Power Corresponding to a Non-harmonic Alternating 
Current and Voltage. — Let the equations for the current and 
voltage be 

i = \/2 [I 1 sin ( (at -f- 0i) -f- 1 2 sin (2c ot -f- 02) -f* 

Is sin {Scot + #3)] + etc. ( 2 ) 
v = \/2 [V 1 sin {oat + 0'i) + Y 2 sin (2«£ + 0^) -h 

Vz sin(3«£ 0*3)] + etc. (2 a) 

The power at any instant is always the product of the current 
and voltage at this instant, viz., p = vi . This product is equal 
to the product of the second members of equations (2) and (2a). 
Carrying out this multiplication term by term, and making use 
of the relation expressed by equation (13), Article 167, there 
results 


p = vi = VJi cos (0i — 0'i) + V2J2 cos (02 — 0'*) H” 

V3/3 cos (03 — 0's) 


— 

Fi/i 

COS 

(2a )t -f- 0i 

+ 

e\) - 

~ V2I2 cos (4 cot -|- 02 "h 0^2) 
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VJi 
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(6ct>2 + 03 

+ 

6 * 3) + V2I1 COS (( tit -f- 0*2 — 

BO 

+ 

VJi 

COS 

(2 o)t -f- 0 / j 

, - 

0i) -f- V\I% cos {(tit H“ 02 — 
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{(tit -f- 0*3 

— 

02) + 
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+ 

VJi 

cos 

{(tit -f- 03 * 
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cos 
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B'i) - 
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— 

VJi 

cos 

(5 (tit + 0 3 

+ 

0 f 2) + etc. 
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The average power P for a complete cycle of the resultant 
(which is equal to a complete cycle of the fundamental) is equal 
to the average value of this expression between the limits (at = 0 
and cat = 2r. Over such a period the average of each term 
which contains the variable t is zero (see Article 167). Hence 
the average power is 

P = Vi/icos (0i *“ 6 f i) -f- V 2I2 cos (02 “■ 0*2) 

-f- Vil& cos (03 — d'z) + etc. (3) 

where the V f 8 and I 9 s are the r.m.s. values of the harmonics. 

Therefore, when there exists in a circuit an alternating current 
and an alternating voltage of any kind whatever, the average 
power is equal to the sum of the values of the average power 
corresponding to each pair of harmonics of the same frequency . 
Consequently, the average power input corresponding to each 
pair of harmonics of the same frequency is independent of what 
other harmonics may be present. Note particularly that when 
any harmonic is absent, in either the voltage or the current, this 
harmonic contributes nothing to the average power. 

212. R.m.s. Value of a Non-sinusoidal Alternating Quantity. — 
By definition, the square of the r.m.s. value of any kind of alter- 
nating quantity is the average (or mean) of the squares of its 
instantaneous values. Let the instantaneous values of the given 
quantity be expressed by the Fourier’s series 

% = \/2[/i sin (cat -f- 0i) + 1 2 sin (2 cat -f- 62) -f- 1 3 sin (3 (at + 03)] 

Then the square of its instantaneous value is of exactly the same 
form as the power corresponding to a current and voltage each 
identically equal to this expression. Consequently, from equation 
(3), the mean of the squares of the instantaneous values of i is 

P = IS + I2 2 + I 3 2 + etc. 

Hence the r.m.s. value of the given quantity is 

I = Vh 2 + h 2 + h 2 + etc. (4) 

That is, the r.m.s. value of any non-sinusoidal alternating 
quantity is equal to the square root of the sum of the squares of 
the r.m.s. values of all the harmonics (including the fundamental) 
which it contains. For example, when the r.m.s. values of the 
harmonics in a given current wave are 1 1, 1 2, Iz, etc., the r.m.s. 
value of this current is given by equation (4). Again, when the 
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r.m.s. values of the harmonics in a given electromotive force wave 
are E\ } E etc., the r.m.s. value of this electromotive force is 

E = \/ E\ 2 -f- i? 2 2 Ez 2 H" etc. (4o) 

Problem 1. — The equation of the current in a circuit is 
i - 50 sin («* + 20°) + 30 sin (3 <at - 15°) + 10 sin (fat + 30°) 
and the equation of the potential drop through this circuit is 
v = 100 sin — 10°) + 40 sin (fat — 30°) 

Determine (a) the r.m.s. value of the current, (b) the r.m.s. value of 
the potential difference across the circuit, (c) the average power absorbed 
by the circuit, (d) the power factor of the circuit, and (e) the equivalent 
phase difference between the sine-wave current and voltage “equivalent 
to” the actual current and voltage. 

Answer. — (a) 41.8 amperes. (6) 76.1 volts, (c) 2744 watts, (d) 86.3 
per cent, (e) 30.3 degrees. 

213. Currents Produced by Non-sinusoidal Voltages. — Con- 
sider first the particular case of a coil of resistance r and constant 
self-inductance L. Irrespective of the wave shape of the current, 
the voltage drop through this coil at any instant is (see Article 
12 6 ) 

, di 

v = n + L Jt 

Let the current be the sum of two sine-wave currents of any 
two different frequencies fi and ft, that is, let 

% = %\ %2 

where 

ii = \/2 I\ sin (2 tt/i< — ai) 

<2 = \/2 1 2 sin (27 rf 2 t — a 2 ) 

Then the above expression for v may be written 

v = Vi + V2 

where 

vi — rii + L ^ = \^2(rh) sin ( 2irfit -on) + 

y/2(2rfiLI i) cos (2wfit — oti ) 
»* = fit + L ^ = s/2 (rJ s ) sin — at) + 

\/2 ( 2nrfJjI 2 ) cos (2irU — a 2 ) 
From Article 175, the r.m.s.values of v\ and v 2 are then 
Vx = Ii Vr* + (2wfiLj* 

V 2 = 7 2 \/ r 2 + (2TrfJj) 2 


Digitized by ^.ooQle 



202 ELECTRICITY AND MAGNETISM FOR ENGINEERS 


and the angles by which these voltage drops lead the currents 
%i and U are 0i and 0 2 where 

008 01 = Vr + (2t/,L)’ 

008 01 = Vr + WtH?' 

From Article 211, the power input to the coil due to the re- 
sultant current is 

P = Vxh cos 01 + VJt cos 02 
= r (7i 2 +/ 2 2 ) = rl 2 

where I = y/h 2 + I 2 2 is the r.m.s. value of this resultant current 
Consequently, the power dissipated in a conductor by two sine- 
wave currents of different frequencies, flowing simultaneously in 
this conductor, is the sum of the heat losses due to each current 
separately. 

Note that this relation does not hold for two currents of the 
same frequency, for the r.m.s. val ue of the resultan t of two such 
currents is not y/h 2 + J 2 , but is y/h 2 + I 2 2 + 21 J 2 cos 0, where 0 
is the difference in phase between these two currents. 

In an exactly similar manner it may be shown that in any cir- 
cuit whose resistance, inductance and capacity are constants, 
the effects produced by sine-wave currents and voltages of any 
one frequency are in no way influenced by the presences of elec- 
tromotive forces and currents of any other frequency. From 
this fundamental principle it follows that in any network of 
constant resistances, inductances and capacities, the effects pro- 
duced by non-sinusoidal alternating electromotive forces may 
always be determined by considering each frequency separately, 
and applying thereto the relations developed in the preceding 
chapters for pure sine-wave currents and voltages. The r.m.s. 
value of the resultant current or voltage in any branch is then 
the square root of the sum of the squares of the r.m.s. values of 
its sine-wave components. 

The total power input is the sum of the power inputs for the 
separate harmonics (see Article 211). 

It should be carefully noted that this principle is applicable 
only when the resistance, the inductance, and the electrostatic 
capacity of each branch of the network is constant . When any 
one of these factors varies with time, its variation will in general 
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introduce additional harmonics in the currents and voltages. 
Cases in which such variations occur are a coil with an iron core 
(variable inductance), an electric arc (variable resistance) and a 
condenser in the dielectric of which the phenomenon of electric 
absorption is pronounced (variable capacity). 

As an illustration of the relations above developed, consider 
a coil which has an inductance of 0.01 henry and therefore a 
reactance of 27r X 60 X 0.01 = 3.77 ohms to a 60-cycle sine-wave 
voltage. Let a non-sinusoidal 60-cycle voltage containing the 
third harmonic be impressed on this coil. The reactance of the 
coil to the third harmonic is then 2r X 3 X 60 X 0.01 = 11.31 
ohms, i.e. y three times its reactance to the fundamental. 
Assume the resistance of the coil to be negligible in comparison 
with its 60-cycle reactance. Let the r.m.s. value of the funded 
mental of the impressed voltage be 100 volts, and the r.m.s. 
value of the third harmonic be 20 volts. Then r.m.s. value of the 
fundamental of the current will be 

r 100 OA K 

I\ = =26.5 amperes 


and the r.m.s. value of the third harmonic in the current will be 


= 20 
3 11.37 


= 1.7 


amperes 


Comparing the relative values of the third harmonic in the 
voltage and the third harmonic in the current, it will be noted 
that the third harmonic in the voltage is 20 per cent, of the funda- 

1.7 

mental, whereas the third harmonic in the current is only 

= 6.7 per cent, of the fundamental of the current. Hence the 
inductance of a circuit tends to damp out the harmonics in the 
current produced by a non-sinusoidal voltage, the degree of 
damping being greater the higher the order of the harmonic. 
That is, an inductance tends to “ smooth out” the wave shape 
of the current. 

On the other hand, a condenser in a circuit tends to distort 
the current wave. This follows from the fact that the react- 
ance of a condenser varies inversely as the frequency (see 
Article 179). Hence, a third harmonic in the impressed volt- 
age equal to 20 per cent, of the fundamental of this voltage, 
will produce a third harmonic in the charging current equal 
to 60 per cent, of the fundamental of this current. On the other 
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hand, by using a coil and condenser in parallel, with their in- 
ductance and capacity of such values as to produce resonance 
(see Article 184) for a given harmonic, this harmonic can be 
practically eliminated from the current wave. 

Problem 2. — A 60-cycle single-phase generator and a 26-cycle single- 
phase generator are connected in series. The r.m.s. values of the electro- 
motive forces of the two generators are respectively 500 volts and 100 
volts. Each electromotive force is a pure sine wave. 

(a) What would be the reading of a voltmeter connected across the free 
terminals of the two machines? (6) Were a circuit consisting of a resistance 
of 10 ohms, an inductance of 0.1 henry, and a capacity of 100 microfarads, 
all in series, connected to these terminals, what would an ammeter in this 
circuit read? The internal impedance of each generator is to be neglected, 
(c) What would be the total power input to the circuit? Were the frequen- 
cies of both electromotive forces 60 cycles per second and were these electro- 
motive forces in phase, what would be ( d ) the reading of the voltmeter, (e) 
the reading of the ammeter, and (f) the total power input? 

Answer . — (a) 610 volts. (6) 33.4 amperes, (c) 11.14 kilowatts, (e) 
600 volts. (/) 40 amperes, (gr) 16.0 kilowatts. 

Problem 3. — A 25-cycle, three-phase A -connected generator develops an 
electromotive force per phase of 1000 volts r.m.s. value. This electro- 
motive force contains the third harmonic, and the r.m.s. value of this 
harmonic is 10 per cent, of the r.m.s. value of the resultant electromotive 
force. The resistance per coil of the generator is 0.1 ohm and the reactance 
per coil at 25 cycles is 0.3 ohm. Assume the inductance to be constant. 

(a) What will be the value of the phase current when the generator is 
supplying no external load? (b) Will this current be a sine- wave current, 
and if so, what will be its frequency? (c) Plot to the same scale of time, the 
resultant and third harmonic of the electromotive force in each of the three 
phases, (d) What will be the wave shape and r.m.s. value of the terminal 
voltage of the generator (between wires) at no load? 

Answer. — (a) 110.4 amperes. (6) Sine-wave current with frequency of 
75 cycles, (d) Pure sine wave, having an r.m.s. value of 995 volts. 

Problem 4. — (a) Prove that in y-connected three-phase generator there 
can be no third harmonic in the line voltage, even though a third harmonic 
is present in the phase voltage. (6) Prove that when the neutral points 
of a y-connected generator and a y-connected load are connected by a wire, 
a third harmonic, if present in the phase voltage of the generator, will 
produce a triple-frequency current in the neutral wire. 

214. Determination of the Maximum Value and Phase Angle 
of the Harmonics in a Wave of Any Shape. — When the wave 
shape of an alternating quantity is known, the r.m.s. Value and 
the phase angle of the harmonic of any order may be readily 
determined. Let 

i = Ii sin x + J 2 sin (2x + 0 2 ) + I* sin (3a; + 0a) + etc. (5) 
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be the Fourier’s series which represents the given wave. In 
this expression a; = 2x/£, where /is the frequency. The problem 
is to determine the constants h, 1 2 , Iz, etc., and 0j, 0s, etc., which 
will make the. curve represented by (5) coincide with the actual 
wave. 

Consider, for example, the third harmonic. Multiply equation 
(5) by sin 3a;, and integrate with respect to x over an entire period 
of the wave, i.e. f between the limits x = o and x = 2x. This 
gives 

n 2r 

sin 3a;da; = J [ Ji sin x sin 3a; + 1 2 sin (2a; + 0 2 ) sin 3a; 

+ J 3 sin (3a; + 0 3 ) sin 3a; + etc.] dx 

But the integral of each term in the right-hand member of this 
equation between the limits 0 and 2x is zero, except for the 
particular term I sin ( 3x + 0) sin 3x, the integral of which from 
2x7 3 

0 to 2x is— 2“ cos 0 3 = tI $ cos 0 3 (see Article 167). Hence 


r 


’2t 


i sin 3x dx = x/ 3 cos 0 3 


The integral I i sin 3xdx may be determined graphically 

by plotting the expression i sin 3a; as ordinates against x as 
abscissas, and determining the area of this curve by means of a 
planimeter. Call this area A 3 , then 

Az = tI 3 cos 0 3 (6) 

Next, multiply the equation (5) by cos 3a; = sin (3x + ^ . In 

exactly the same manner as before 

r * 2ir / 
i cos 3a;da; = x/ 3 cos ^ — 0 3 j = *7 5 sin 0 S 

/»2t 

and the value of I i cos 3 xdx may be determined graphically 

by plotting the curve i cos 3a; and finding its area by means of a 
planimeter. Call this area £3, then 

Bz = tIz sin 03 (7) 

From equations (6) and (7) it follows that 

h = IVAf + B? (8) 


r 
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and 

0, = tan -1 (f-J (8a) 

Note that in case the wave is symmetrical in the manner de- 
scribed in Article 209, it is unnecessary to look for the even har- 
monics. Also, when the wave is symmetrical, the curves 
t sin 3a; and t cos 3a; need be plotted for only a half period of the 
wave. Calling a 8 and fh the areas of these curves for half a period 
of the wave, the values of J s and 0 8 may be written 


i» = l V«»* + /s»* 

(9) 

», . to- © 

(9a) 


This method of determining the harmonics present in the 
wave is of course applicable to the determination of the harmonic 
of any order. It is, however, extremely tedious in its applica- 
tion (except in certain simple cases). A more practical method 
for analyzing a wave is given in the next article. 

As an example of the method of analysis here given, consider 
the case of a rectangular wave, shown in Fig. 172. Let I be 
the numerical value of current, which is constant during each 
half cycle. 


t 







Fig. 172. 


Since the wave is symmetrical, only the odd harmonics can be 
present. Consider the nth harmonic, where n is any odd positive 
integer. Then 


and 
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Hence from equation (9) and (9a) 


and 



n 


4 1 

Ttn 


Hence all the odd harmonics exist in a symmetrical rectangular 
wave, the maximum values of the harmonics varying inversely 
as their order n. A symmetrical rectangular wave having a 
maximum value I may then be represented by the infinite series 


n = oo 

4/ V 1 sin (2 t nft) 
tc J n 

n - 1 


( 10 ) 


where n has all the odd values from 1 to <», and / is the frequency 
of the wave. 

215. The Fisher-Hinnen Method for Analyzing a Non- 
Sinusoidal Wave. — (See Electric Journal , Vol. 5, p. 386 and Elek- 
trotechnische Zeitschrift , May 9, 1901.) This method is much 
simpler than that described above, except in the rare cases 
where the resultant wave may be represented by a simple integ- 
rate function. The method is based on the following facts: 

1. The algebraic sum of any n equally spaced ordinates of a 

Tfl 

sine wave, when these ordinates are spaced — th of a wave length 

apart, where m is any integer which is not a multiple of n, is zero. 

2. The algebraic sum of n ordinates of a sine wave when these 

m 

ordinates are spaced — wave lengths apart, where m is a multiple 

of n, is equal to n times the ordinate of this wave at any one of 
these points. 

3. The maximum ordinate of any sine wave is equal to the 
square root of the sum of the squares of any two ordinates spaced 
a quarter of a wave length apart. 

4. Let yi be the ordinate of a sine wave at any point at an 
angular distance Xi from the origin, and let t/ 2 be another ordinate 
of this wave a quarter of a wave length to the right of x x . Then 
the angular distance measured from the point X\ toward the left 
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to the point at which this wave first crosses the x-axis in the 
positive direction is 

<t> = tan* 1 — 

Vi 

Consider a wave of any form whatever (for example, the result- 
ant wave shown in Fig. 170) and let the highest harmonic of this 
wave be the nth. Let 2/1, 2/3, 2/5, .. . 2/2»-i be n ordinates of 
360 

this wave spaced — degrees apart, where 360 degrees corresponds 
n 

to a complete wave length of the given wave. Let o' 1, a' 3 , a' B , be 
the corresponding ordinates of the fundamental or first harmonic 
of this wave, a" 1, a" 3 , o" 6 , be the corresponding ordinates of the 
second harmonic of this wave, a'"i, a'" 3 , o'"®, etc., be the cor- 
responding ordinates of the third harmonic, and so on; the cor- 
responding ordinates of the nth harmonic being ai (m)t a 3 ( * )> as 00, 
etc. Then 


2 /i = o! 1 + a" 1 + a"'i + ai (n) 

2/3 = o!z + + o! n z + a 3 (n) 

2/6 = a\ + a" 6 + a'" B + a 6 (n) 


2/ln-l = <l' 2n - 1 + Q> ,f 2n - 1 + a'^n-l + 

The ordinates a'i to a'2»_i of the first harmonic are ordinates 
of a sine wave and are spaced -th of a wave apart, and there- 
fore, from Proposition 1, their sum is zero. Similarly, the 
ordinates a" x to a" 2n _i are ordinates of a sine wave of half the 
wave length of the fundamental and therefore the angular dis- 

2 

tance between these ordinates is - th of the wave length of the 

sine wave of which they are the ordinates; hence the sum of the 
ordinates a f \ to a" 2n -i is zero. Similarly for all the other ordi- 
nates except those of the nth harmonic. The latter are spaced 
n 

- * 1 wave length apart, and therefore, from Proposition 2, their 

sum is equal to n times the value of the ordinate of this harmonic 
at any one of the points 1, 3, 5, etc. Hence the value of the 
ordinate of the nth harmonic at the point 1 is 

An ** ~ (2/1 + 2/« + 2/6 + 2/2»-i) ( 11 ) 

Th 

Similarly, if y t , 2/4, 2/«> • • • V** are ordinates of the given 
wave one quarter of a wave length of the nth harmonic to the 
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right of the first set of ordinates, their sum will be equal to n 
times the ordinate of the nth harmonic a quarter of a wave length 
of this harmonic from yi\ call this ordinate B n , then 

- Bii = ” ( 2/ 2 + !/ 4 + + 2 / 2 n ) ( 11 ®) 

71 

Then from Proposition 3, the maximum value of the ordinate 
of the nth harmonic is 

r» = VaJ+b? (12) 

From Proposition 4, the angular distance to the left of yi at which 
this harmonic cuts the X-axis in the positive direction is 

*'» = tan-*g? (13) 

when 360 degrees are taken equivalent to a wave length of the 

nth harmonic. When 360 degrees are taken equivalent to a wave 
length of the given wave this angular distance is 

0„ = ^tan- 1 ^ (13a) 

Consider next the mth harmonic, and erect two sets of m 

ordinates, the ordinates of each set being spaced degrees 

apart (considering a wave length of the given wave as equiva- 
lent to 360 degrees) and the second set a quarter of a wave 
length of this harmonic to the right of the first set. Then, if 
the harmonics of higher order are not multiples of m, the ordi- 
nate of the mth harmonic at the point 1 is 

A m = ~(yi + 2/a + 2/& y 2 m-i) (14) 

III 

and the ordinate of the mth harmonic at the point 2, which is a 
quarter wave length of this harmonic to the right of 1, is 

B m = — (2/2 + 2/4 + 2 /c + 2/2«) ( 14 ®) 

m 

Whence the maximum value of this harmonic is 

Y m = VA„* + BJ (15) 

and it cuts the X-axis at the angular distance 

to the left of the first ordinate, when 360 degrees are taken 
equivalent to the wave length of the original wave. 

14 
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If there also exists in the given wave a harmonic of the nth 
order, where n is a multiple of m, that is if n = km, where & is an 
integer, then from Proposition 2, since each set of these m ordi- 
n 

nates is spaced — = ft wave lengths of the nth harmonic apart, 

the sum of the first set of m ordinates also contains m times the 
ordinate of the nth harmonic at the point 1. Calling A' n the 
ordinate of the nth harmonic at the point 1, then 

A m = ^ ( 2/1 + y% + 2/6 + + y 2 »-i) — A' n (17) 

Similarly, 

B m = “ (y 2 + 2/4 + 2/e + 2/2 n) — B' n (17 a) 

iii 

where B' n is the ordinate of the nth harmonic at the point 2. 

A similar correction must be applied for all other harmonics 
of higher order than the wth, if the orders of these harmonics 
are multiples of m. 

When only the fundamental, third, fifth and seventh harmonics 
are present, the procedure becomes relatively simple. Under 
these conditions there are no correction terms, except to the 
fundamental, for 3, 5, and 7 are not multiplies of one another. 
Also it is necessary to consider the ordinates of a half wave only. 
To determine the third harmonic, divide the base line of this 
half wave into 2n = 6 equal parts, and measure the ordinates 
at the beginning of each of these six segments. Let these ordi- 
nates be yi, yz, . . . ys* Let the beginning of the first seg- 
ment be taken where the given wave cuts the X-axis, and call 
this point the origin, then 2/1 = 0 and therefore 

As = | ( 2/6 - ys) 

Bs = | ( 2/2 + ys - 2 / 4 ) 

The maximum value of the third harmonic is then 

V, = VaT+B? 

and it cuts the X-axis at the angular distance 

to the left of the origin, taking the base of the given half-wave 
as 180 degrees. The expression for the third harmonic is then, 
calling the base of the given wave 360°, 

Ys sin 3(x + <£ 3 ) 
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Similarly, starting at the same point and dividing the half wave 
into 2 n = 10 segments, 

A f = \ (yt + v» - v* - yi) 

Bf, = 5 (yt + yt + l/io — yt — yt) 

Y t = VaTTb? 

*‘ = l tan_l (w) 

and the expression for this harmonic is 
Y i sin 5(x + 0 6 ) 

The determination of the seventh harmonic is carried out by an 
exactly similar process, dividing the base line into 2n = 14 equal 
parts. 

The ordinates of the fundamental at the origin and at the 
point corresponding to one quarter of a wave length from the 
origin are then respectively 

A i = — A a — A 5 — Ay 

and B\ = y m + B* — Bi + By 

where y m is the ordinate of the given wave corresponding to the 
point a quarter of a wave length from the origin ( i.e ., the mid- 
ordinate of the given wave), and A 3 , A b} A 7 , B 3 , and By are 

the quantities above determined. The maximum value of the 
fundamental is then 

Fx = y/Aj+B? 

and it cuts the X-axis at the angular distance 
*' - 

to the left of the origin. Its expression is therefore, 

Fx sin (a; + <*0 

The equation of the given wave is then 
y - Fx sin (x + 4>0 + F$ sin 3(x + <f> 3 ) + 

F 5 sin 5 (x + <t>s) + Yj sin 7(x + fa) (18) 

The r.m.s. value of the given wave is 

Y - JTZ+JZ+YZ+Y? {m 
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Multiplying both sides of equation (18) by dx and integrating 
between the limits * = 0 and x = t, it may readily be shown 
that the average value of the given wave is 

2 r 1 1 

= - |^Fi cos + g Y» cos 3 4> t + g Y t cos 5 0*+ 

\ Y, cos 70,] (186) 

In employing the above formulae strict attention must be paid 
to algebraic signs. 

Problem 5. — Six equally spaced ordinates (30 degrees apart) in one-half 
of a symmetrical wave have the values 

Vi - 0 j/4 - 940 

y t - 676 y» « 1004 

yt «■ 660 ye » 664 

Ten equally spaced ordinates (18 degrees apart) in this wave have the 
values 

yi - 0 y« - 719 y» - 702 y 7 - 1086 y% - 639 

yi — 470 y« = 678 ye * 940 ye = 920 yio =■ 376 

(a) Plot this half-wave on cross-section paper, taking 1 inch equal to 30 
degrees, and 1 inch equal to an ordinate of 200. ( b ) What is the maximum 

value and phase angle of the third harmonic (calling the base of a half-wave 
of the resultant wave 180 degrees) ? (c) What is the maximum value and 
phase angle of the fifth harmonic (calling the base of a half-wave of the 
resultant wave 180 degrees) ? (d) What is the maximum value and phase angle 
of the fundamental (calling the base of the resultant half-wave 180 degrees)? 
( e ) What is the r.m.s. value of the resultant wave? (/) What is the average 
value of the resultant wave? (g) What is its form factor? (A) Its crest 
factor? (i) Plot to scale on the same sheet as the original curve the funda- 
mental and each harmonic, add graphically, and compare the resultant thus 
found with the original curve, (j) Write the equation of the resultant 
wave. 

Answer . — (6) Maximum value 150, phase angle 16.6 degrees measured to 
the left of the origin, (c) Maximum value 100, phase angle 13.6 degrees 
measured to the right of the origin. ( d ) Maximum value 1000, phase angle 
1.25 degrees to the right of the origin, (e) 718. (/) 663. (g) 1.083. ( h ) 
1.53. ( j ) y = 1000 sin (; x - 1.25°) + 150 sin 3(s + 16.6°) + 100 sin 
5(x - 13.6°). 


/ 

y 


Digitized by ^.ooQle 



INDEX TO PARTS I AND II 


Absolute system of units, 10, 52 
Absorption, electric, 45 
Acceleration , linear , 8 
angular , 7 
Accumulator , lift 
Active component, 100 
Addition of alternating quantities, 
93, 97 

Admittance, 118 

of a condenser, 108 
symbolic notation for, 183 
Ageing , magnetic , 298 
Air gap, 167 

Alloys , temperature coefficient of 

resistance of, 127 

Alternating current, 47, 841 , 72 ff. 
advantages of, 73 
non-sinusoidal, 196 
symbolic notation for, 172 ff. 
Alternating quantities, addition of, 
93, 97 
Alternations, 75 
Alternator, 846 
polyphase, 136 
American wire gage, 121 
Ammeter, 67, 861 
Ampere, 68 
Ampere-hour , 66 
Ampere-turns, 183 
calculation of, 196 
per centimeter, 198 
Amplitude factor, 78 
Angle , plane , 4 
solid, 220 
Anion, 44 

Annealed copper standard, 120 
Anode, 44 
Apparent power, 91 
Armature, 166 

electromotive force, 170, 172 115 
Attenuation constant, 60 
Average value, 76 

A . W. G. gage, 121 


B-H curves, 272, 274 

B. S. gage, 121 

Back electromotive force, 81, 171, 
115 

Balance, current , 69, 860 
Balanced load, 139 
Ballistic galvanometer, 176, 264 
Batteries in parallel, 101 
in series, 96 
Battery 
dry, 87 

primary, 87, 146 
storage, 66, 147 
voltaic, 87, 148 
Bridge 

slide-wire, 90 
Wheatstone, 89 
Brushes, 169 

Building up of current in a circuit, 
886 

Busbar, 93 

Cables, insulation, resistance of, 188 
stranded, 122 

Capacity, electrostatic, 33 
and conductance, 35 
measurement of, 44 
of parallel plate condenser, 35 
of spherical condenser, 37 
of two coaxial cylinders, 38 
of two parallel wires, 39 
Capacity, specific inductive, 9, 44 
Capacity suscentance, 108 
Cathode, 44 
Cation , 44 

C. G. S. system of units, 10, 62 
Cells 

primary, 87, 146 
standard , 148 
storage , 66, 147 
Charge, electric, 4h 7 
apparent, 20, 22 
equivalent, 18 


Italicized References are to Part I 
213 
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Charge, induced, 24, 27 
distribution of, 23 
real, 20, 22 
Charge , magnetic , 246 
Charging current, 46 
Chemical energy , £0 
Chemical equivalent , Jf55 
Circuit 

electric , S5 

Kirchhoff’s Laws for, 4#> 52, 
54, 189 
magnetic , 

Kirchhoffis Laws for, 206 
Circular mil, 115 
Circulatory current, 106 
Clark cell , 148 
Coercive force , 570 
Coil and condenser 
in parallel, 132 
in series, 126 
Commutator , 705 
Complex quantities, 

rationalization of, 187 
use of in a-c. calculations, 172 ff. 
Component 
active, 100 
in phase, 100 
power, 101 
reactive, 100 
wattless, 101 

Components of a vector, 4, 100 
Compound wound dynamo , 1 70 
Concentrated winding , 227 
Condenser, electric, 32. See also 
Capacity. 

admittance of, 108 
and coil in parallel, 132 
in series, 126 
oscillating current in, 52 
and non-inductive resistance, 48 
charging current of, 46 
effective reactance of, 117 
effective resistance of, 117 
energy stored in, 62 
impedance of, 117 
leakage current of, 46 
non-sinusoidal current in, 204 
power factor of, 109 
susceptance of, 108 


Condensers, electric 
in parallel, 42 
in series, 42 
Conductance 

direct current , 119 
effective, 118 
Conductivity , 120 
Conductor, 45 

Contacts , law of successive, 146 
Continuity of electric lines of force, 8 
Continuity of magnetic lines of force, 
166 

Continuous current, 47 
Copper 

conductivity of, 120 
temperature coefficient of resis- 
tance of, 126 
Core loss, 806 
Corona, electric, 129 
Coulomb, 41 f 64 
Coupling, coefficient of, 884 
Crest factor, 78 
Current, balance, 69 
Current, electric, 46 

alternating, 4?, 841, 72 ff. 
charging, 46 
continuous, 47 
decay of, 886 
density of, 181 
direct, 47 
direction of, 46 
displacement, 6 
establishment of, 886 
leakage, of a condenser, 46 
magnetic flux produced by, 88, 
160 ff. 

oscillating, 47, 69 
pulsating, 47 
stream lines of \[1 80 
units of, 68 

Damping effect of an inductance, 
203 

Damping in an electric circuit, 60 
Decay of current in a circuit, 886 
Degree, electric, 137 
Delta connection, 147 
and equivalent Y, 160 
e.in.f.’s in, 151, 204 


Italicized References are to Part I 
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Demagnetization , procedure for, 266 
Demagnetizing force, 251, 253 
Density, 11 

of electric charge, 13 
of electric current, 131 
of magnetic flux, 177 
Depolarizer, 147 
Diamagnetic substances, 186 
Dielectric 

constant, 9, 44 
permeability, 2 
strength, 29 
Dielectrics, 42 

resistance temperature coefficient 
of, 126 

Difference in phase, 82 
Direct current, 47 
Displacement, 
angular , 8 
linear, 6 

Displacement current, 6 
Dissociation theory, 140 
Distortion constant, 62 
Distribution factor, 349 
Double subscript notation, 139 
Drop, inductive, 104 
Dry battery , 37 
Dynamo 

alternating current, 346, 136 
direct current , 165, 363 

Earth 1 s magnetic field , 262 
Eddy currents, 296 ff., 114 
Edison storage battery, 147 
Effective 

conductance, 118 
reactance, 114 
resistance, 107, 114 
susceptance, 118 
value of a sine-wave, 81 
value of an alternating quantity, 
76 

Efficiency, 28 
Elasticity , 23 
Electric 

charge. See Charge, electric . 
current. See Current , electric . 
energy , 60 

field. See Field, electric. 


Electric power, 60, 163 
pressure, 70 
Electricity, 38, 40 

effective mass of, 327 
quantity of, 45 

Electrochemical equivalent, 139 
Electrodes, 44 
Electrodynamometer, 58 
Electrokinetic energy, 327 
Electrolysis, 43, 138 
Electrolytes, 138 
Electromagnet, 236, 372 
Electromagnetic 
induction , 160 
system of units, 52, 182, 186 
Electrometer, 70 
Electromotive force, 70 
alternating, 350, 72 ff. 
armature, 172, 350 
back, 81, 115 
contact, 143 
counter, 81, 115 
direction of, 80, 163 
due to electromagnetic induction, 
161 

generated, 76, 353, 115 
impressed, 76 
internal, 76, 115 
of a cell, 39 

of an a-c. generator, 350, 136 
of a d-c, generator, 172 
of rotation, 362 
of a transformer, 341 y 115 
sources of, 143 
terminal , 76 
thermal, 145 
units of, 73 
voltaic, 146 
Electromotive forces 
in parallel, 101 
in series, 95 

of a tnree-phase alternator, 151 
Electrons, 42, 23 
Electrostatic system of units, 52 
Energy, 19 


chemical, 66 
electric, 60, 64 
electrostatic, 62 
electrokinetic, 326 
Italicized References are to Part I 
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Energy, magnetic , 277 , 283, 325 

of a charged condenser, 62 
units of 21, 80 

Equipotential surfaces, electric , MS, 
25 

magnetic , MS, 507 

Equivalent phase difference, 92 
Equivalent Y, 160 
Erg, 21 

Establishment of current in a circuity 
336 

Excitation, 170, 343 
Exciter , 349 

Exciting current of a transformer, 330 

Faraday, the, 140 
Faraday's laws of electrolysis , 138 
Ferromagnetic substances, 186 
Field, electric, 1, 11 
energy of, 62 
flux density of, 5, 15 
intensity of, 132 , 1, 11 
Field, magnetic, 151 

energy of, 277, 283 , 294, 326 
flux density of, 177 
intensity of, 132, 193 
strength of, 166 , 193 
Field of a dynamo, 167 
Fisher-Hinnen method of wave 
analysis, 207 
Flow of water, SO 
Flux, electric, 2, 7 
density of, 5, 15 
lines of, 2 

Flux density, electric, 5 

due to electric charges, 15 
Flux density, magnetic, 177 

calculation of, due to current in 
circle, 224 

elementary length, 211 
solenoid, 228 
straight wire, 213 
toroid, 101 

calculation of, when magnetic 
substances are present , 196, 
246 ff. 

measurement of, 174, 364 
metallic component of, 277 
units of, 179 


Flux linkages, 173, 308 
Flux, magnetic, 156, 178 

calculation of, 196, 211 ff. 
leakage, 202 
lines of, 169 

measurement of, 175, 264 
mutual, 202 
units of, 160 
Force, 13 

between charged bodies, 67 
between two coils carrying cur- 
rent, 359 

lines of. See Lines of force . 
on a magnet in magnetic field, 
366, 370 

on a straight conductor in mag- 
netic field, 357 
units of, 16 
Form factor, 78 
Formula weight, 139 
Foucault currents. See Eddy cur- 
rents. 

Fourier’s series, 196 
Four-wire two-phase system, 142 
Free period of a circuit, 56, 128, 
134 

Frequency, 302 , 348, 75 
angular, 80 
constant, 60 
Friction , 23 

molecular magnetic , 280 
Frictional electricity, 40 
Fundamental of a wave, 197 

Gage , wire , 121 
Galvanometer, 56, 361 
ballistic, 175, 264 
Gauss, 179 
Generator 

alternating-current 
single-phase, 346, 72 
three-phase, 136, 138 
two-phase, 136, 138 
direct-current, 166 
excitation of, 170 
shunt, 78 
Gilbert, 183 


per oentimeter , 190 
Gradient , potential, 131, 31 
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Gram-ion, 189 
Gravity , 

acceleration due to, 14 
specific , 11 

Gyration , radius of, 12 

Handbooks, electrical , 88 
Harmonics, 197 

determination of, 204, 207 
Heating of wires, 123 
Henry, 812 
Heusler alloys, 185 
High-tension winding, 844 
Hysteresis 

dielectric, 45 
magnetic , 269 ff. 
coefficient of, 292 
loss, 278, 287 

Impedance, 114 
of a coil, 103 
of a condenser, 117 
symbolic notation for, 180 
Impedances 

in parallel, 130, 185 
in series, 121, 185 
Inductance 

and condenser, 52, 59 
damping effect of, 203 
leakage, 831 
mutual , 810 ff. 

and mechanical forces, 822 
and reluctance, 816 
of field and armature windings, 
851 

of transformer windings, 329, 
845 

self, 810 ff. 

and reluctance , 813 
of armature windings, 851 
of parallel wires, 816 
of transformer windings, 882 
units of, 311 
Induction 

electromagnetic, 150 
electrostatic, 24 
magnetic 

flux of. See Flux, magnetic, 
lines of, 155 


Inductive 

capacity, specific, 9, 44 
drop, 104 
Inertia 

moment of, 12 
of electricity , 827 
Instantaneous value, 75 
Intensity 

electric, 132, 1, 11 
of electric current, 45 
of electric field, 182, 1, 11 
of magnetic field. See Magnet- 
izing Force, 
of magnetization, 236 
Insulation resistance, 185 
Insulators, 4% 

Ions, 44, 140 
IR drop, 77 
PR loss , 77 

Joule 1 s law, 61 

Kelvin, 64 

Kilovolt-amperes, 91 
Kilowatt, 64 
Kilowatt-hour, 64 
Kinetic energy, 22 
Kirchhoff’s laws, 

for conducting networks, 48, 82, 
94, 189 

for magnetic circuit, 206 

Lag, angle, 2, 84 
Lead, angle of, 2, 83 
Lead storage cell, 66 
Leakage 

current, 49, 46 
flux, 202 

Left-hand rule, 858 
Left-handed screw relation, 155 
Lenz } s Law, 168 

Line current and line voltage, 139, 
153, 155 

Lines of electric force, 1, 8 
Lines of magnetic force, 158 ff. 
refraction of, 207 
See also Flux, magnetic. 
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Linkages, flux, 178 
Load, balanced, 139 
Losses , power, 28 
Low-tension winding , 844 


Magnet 

definition of, 287 
induced, 237 
permanent, 187 
Magnetic 

characteristic 
alternating , 276 
rising, 278 
charge , 246 

energy . See Energy , magnetic. 
field. See Field, magnetic. 
flux. See Flux , magnetic, 
force, lines of, 168 jj. 
friction, molecular, 280 
hardness , 277 
pole. See Pole, magnetic, 
potential, 266 
saturation , 277 
substances, 186 
Magnetism, 88, 40 

hypothesis regarding nature of, 
280 

residual, 270 
Magnetization 

intensity of, 236 
lines of, 288 
Magnetizing force, 188 

due to bar magnet, 869 
due to current in straight wire, 
213 

due to an element of current, 211 
due to magnetic pole, 247 
in magnetic medium, 246 
in non-magnetic medium , 868 
see also Flux density, 
units of, 198 

Magnetomotive farce, 180 jj. 

Mains, 66 
Mass, 9 

center of, 12 

McUthiessen’s standard, 120 
Maxwell, 160 


Maximum value, 76 
Mechanical force. See Force . 

Mesh connection, 139 

Meter-gram, 117 

Mho, 119 

Mil, circular , 116 

Mil-foot, 116 

Millivoltmeter, 86 

Molecular magnetic friction, 280 

Moment of a force, 1 7 

Momentum, 13 

Motor 

electric, 97, 166, 861, 139 
hydraulic, 80 
Mutual flux, 202 

Mutual inductance. See Inductance, 
mutual. 

Network calculations, 98, 189 
Neutral wire, currents in, 152, 204 
Non-sinusoidal quantities, 196 
power corresponding to, 199 
r.m.s. value of, 200 
Notation, double subscript, 139 
symbolic, 172 ff. 

Oersted, 182 
Ohm , 63 

Ohm-centimeter, 114 
Ohmic resistance, 62 
Ohm’s Law, 77 
generalized, 78 
Opposition, definition of, 83 
Oscillating current , 41 
Oscillograph, 198 

Parallel connection, 60, 130, 186 
Paramagnetic substances, 186 
Percent conductivity, 120 
Period, 802, 75 

free, of coil and condenser, 56, 
128, 134 
Periodicity, 80 
Permeability 
dielectric, 2 
magnetic , 184, $76 
Permeance, 184 
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Phase, 74 
angle, 79 
current, 139, 155 
difference, 82, 92 
of a winding, 139 
voltage, 153 
Point-pole, 866 

Polarization of voltaic cells, 147 
Pole, magnetic 

distribution of, 249 
forces on, in magnetic field , 866 
internal , 252 
strength of, 240 
Potential, 

absolute electric, 30 
absolute magnetic, 255 
difference of electric, 75, 14 
direction of, 80 
difference of magnetic , 199 
drop, electric , 80, 14 
drop, magnetic , 200 
energy , 22 
gradient, 129, 31 
units of, 76 
Potentiometer, 87 
Power, 26 

electric , 60 

in a-c. circuits, 72, 86 
apparent, 91 
component, 101 
corresponding to non-sinusoidal 
voltage and current, 199 
in symbolic notation, 193 
loss, 28, 98 
measurement of, 163 
three-phase, 148 
two-phase 142 
units of, 27, 64 
Power factor, 89 
of coil, 106 
of condenser, 106 
measurement of, 170 
Practical system of units , 52 
Pressure , 17 

Primary winding, 203, 344 
Pulsating current, 47 , 61 
Pump, hydraulic, 33 
Pyrometer, 145 


Quadrature, 83 
Quantity of electricity, 45 

measurement of, 139, 176 
units of, 55 

Radian , 4 

Railways , electric motors for, 97 
Rationalization of complex quanti- 
ties, 187 
Reactance 

effective, 107, 114 
of condenser, 117 
of coil, 103 

Reactive component, 100 
Recalescence point, 276 
Receiver of electric energy, 65 
Refraction of lines of forces, 207, 25 
Reluctance drop, 191 ff 
Reluctance, magnetic , 180 
Reluctivity, 187, 276 
curves , 275 

Residual magnetism, 270 
Resistance, electric, 61 

and inductance in series, 886, 
103 

box, 63, 117 
drop, 76, 80, 104 
factors which affect, 103 
insulation, 185 
of electrolytes, 188 
of half ring, 136 
of non-linear conductors, 128 
of single-conductor cable, 183 
of tapered wire, 186 
specific, 113, 120 
temperature coefficient of, 124 
units of, 62 
Resistances 

in parallel, 101 
in series, 95 
Resistivity, 113 
Resistor, 117 
Resonance, 126, 132 
Resultant of sine-wave quantities, 99 
Retentiveness, 271 
Rheostat, 117 
Right-hand rule, 166 
Right-handed screw relation, 154 
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R.M.S. value, 76 

of noil-sinusoidal quantity, 79, 
200 

of sine-wave, 81 

Rubber, temperature coefficient of resist- 
ance. of, 126 

Saturation, magnetic , 275 

Scalar quantity , 1 

Scott connection, 163 

Screw , right-handed, 154 

Secondary winding, 203 

Self inductance. See Inductance, self. 

Sense of a vector , 1 

Series connection, 50, 170, 121, 185 

Shunts, 85 

Silicon-steel, 275, 291, 302 
Sine-wave quantities, 72 ff. 

symbolic notation for, 172 ff. 
vector representation of, 97 
Sinusoidal variation, SOI, 79 
Skin effect, 112 
Slide-wire bridge, 90 
Solder, effect of, 146 
Solenoid 

air core, 227 
self inductance of, 313 
standard, 263 
with magnetic core , 251 
Solid angle, 219 
Source of electric energy, 65 
Spark, electric, 29 
Specific 

gravity, 11 

inductive capacity, 9, 44 
resistance , 114 
Speed, 7 

Star connection, 139 
Storage battery , 66, 147 
Stream lines of electric current, 113 , 
130 

Susceptance 

effective, 118 
of condenser, 108 
Susceptibility magnetic, 236 
Symbolic notation, 172 ff. 

addition and subtraction in, 179 
for admittance, 183 


Symbolic notation, for impedance, 
180, 185 

KirchhofTs laws in, 189 
power in, 193 
rationalization, 187 

T-connection, 163 

Temperature coefficient of electric re- 
sistance, 124 

Temperature rise of conductors, 123, 
127 

Thermopile, 146 
Thomson effect, 146 
Three-phase 

generator, 137 
system, 141, 157 
two-phase transformation, 161 
Three^wire system, 109 
three-phase, 141, 157 
two-phase, 142, 144 
Toroid, 257 
Torque , 17 

and power, 28 

exerted by a magnetic field , 
355, 359 ff. 

Transformer, 328, 340, 342 
constant current, 324 
Transmission line, 65, 98, 107 , 124, 
146, 150 

Turbine, hydraulic, SO 
Two-phase 

generator, 136 
system, 141 

three-phase transformation, 161 
Two-wattmeter method, 168 

Units, systems of, 10, 52 

See also under name of Unit. 

Valence , 139 
Vector quantity, 1 
Vectors, 1 ff. 

in alternating-current calcula- 
tions, 97 

Velocity 

angular, 8 
linear, 7 
Volt, 73 
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V oil-amperes, 91 
Voltage, 76 

loss of, in transmission line, 98, 
124, 146, 150 
Voltaic cell, 86, 148 
Voltammeter, S3 
Voltmeter, 84 

electrostatic, 70 

Walt, 64 
Watthour, 64 


Weight , 18 
Weston cell, 148 
Wheatstone bridge, 89 
Wire gage, 121 
Wires 

healing of, 128 
sizes of, 121, 123 
skin effect in, 112 
Work, 19 

units of, 21 
Wye-connection, 147 

Y-connection, 147 

equivalent to delta connection, 


Wattless component, 101 
Wattmeter, 91, 168 
Wave analysis, 196 flf. 

Wave form, 74 160 
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